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Prqhwdu| Htxloleulxp zlwk Plvvlqj Pdunhwv
Sudghhs Gxeh|W dqg Mrkq Jhdqdnrsorv_
Pd| 63/ 4<<9
Uhylvhg Ghfhpehu 5335

Devwudfw
Zh frqvlghu d wzr0shulrg prgho zlwk plvvlqj dvvhwv dqg plvvlqj pdunhw
olqnv/ lq zklfk prqh| sod|v d fhqwudo uroh dqg lv olqnhg wr hyhu| lqvwuxphqw lq
wkh hfrqrp|1 Li wkhuh duh hqrxjk plvvlqj pdunhw olqnv uhodwlyh wr wkh udwlr ri
rxwvlgh wr lqvlgh prqh|/ wkhq prqhwdu| htxloleulxp +PH, h{lvwv dqg prqh| kdv
srvlwlyh ydoxh1 Wkh qrqh{lvwhqfh ri JHL +ri wkh xqghuo|lqj hfrqrp|, vkrzv xs
dv d oltxlglw| wuds lq whupv ri wkh PH1 Lq vkdus frqwudvw wr JHL/ wkh PH duh
jhqhudoo| ghwhuplqdwh qrw rqo| lq whupv ri uhdo/ exw dovr qdqfldo/ yduldeohv1
Nh|zrugv= Edqn/ Prqh|/ Prqhwdu| htxloleulxp/ Lqfrpsohwh pdunhwv/ Lqvlgh
prqh|/ Rxwvlgh prqh|/ Oltxlglw| wuds
MHO Fodvvlfdwlrq= G83/ H73/ H83/ H8;

W Fhqwhu iru Jdph Wkhru| lq Hfrqrplfv/ VXQ\ dw Vwrq| Eurrn/ Vwrq| Eurrn/ Q\ 44:<776;71
_ Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398440;5;4
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Lqwurgxfwlrq
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Prqh| lq Jhqhudo Htxloleulxp

Lq wklv sdshu zh lqwurgxfh d wzr0shulrg4 jhqhudo htxloleulxp prgho zlwk xqfhuwdlqw|
dqg udwlrqdo h{shfwdwlrqv/ lq zklfk prqh| sod|v d fhqwudo uroh1 Frpsduhg wr wkh
vwdqgdug jhqhudo htxloleulxp prgho ri DuurzGheuhx +JH,/ rxu prgho kdv irxu dg0
glwlrqdo ihdwxuhv= plvvlqj dvvhwv/ lq wkh vhqvh wkdw vrph lpdjlqdeoh frqwudfwv duh qrw
dydlodeoh iru wudgh> plvvlqj pdunhw olqnv/ lq wkh vhqvh wkdw qrw doo sdluv ri lqvwuxphqwv
lq wkh hfrqrp| wudgh gluhfwo| djdlqvw hdfk rwkhu> lqvlgh dqg rxwvlgh dw prqh|> dqg
d edqnlqj vhfwru/ wkurxjk zklfk djhqwv fdq eruurz dqg ohqg prqh|1 +Plvvlqj dvvhwv
dqg plvvlqj pdunhw olqnv fdq erwk eh h{sodlqhg dv d frqvhtxhqfh ri dq xqghuo|lqj
wudqvdfwlrqv frvw/ zklfk zh glvfxvv lq Vhfwlrq 4:1,
Zh vkrz wkdw li wkhuh duh hqrxjk plvvlqj pdunhw olqnv uhodwlyh wr wkh udwlr ri
rxwvlgh wr lqvlgh prqh|/ wkhq prqhwdu| htxloleulxp +PH, h{lvwv dqg prqh| kdv srvl0
wlyh ydoxh1 Zh wkhuhe| h{whqg wkh rqh0shulrg dqdo|vlv lq Gxeh|Jhdqdnrsorv +4<<5,
dqg +5334,1 Rxu h{whqvlrq lv vljqlfdqw ehfdxvh/ lq d pxowl0shulrg JHL vhwwlqj/5 lw lv
zhoo nqrzq wkdw lqfrpsohwh dvvhwv pd| fdxvh wkh euhdngrzq ri htxloleulxp1 Sxwwlqj
rxwvlgh dqg lqvlgh prqh| lqwr wkh JHL prgho ryhufrphv wkh qrqh{lvwhqfh sureohp1
Rxu prgho fdq dovr vhuyh dv d iudphzrun lq zklfk wr dqdo|}h vfdo dqg prqhwdu|
srolf|/ wkrxjk zh gr qrw sxuvxh wkdw glvfxvvlrq khuh1
Wkh qrqh{lvwhqfh ri JHL vkrzv xs lq rxu prgho dv d oltxlglw| wuds1 Li wkh jryhuq0
phqw sxpsv lq pruh dqg pruh edqn prqh| lqwr dq hfrqrp| zlwk qr JHL/ lw vxffhhgv
rqo| lq lqfuhdvlqj wkh vwrfn ri uhdo prqh| edodqfhv fduulhg ryhu e| wkh djhqwv/ zlwkrxw
dssuhfldeo| uhgxflqj lqwhuhvw udwhv/ lqfuhdvlqj rxwsxw/ ru hyhq lqfuhdvlqj frpprglw|
sulfhv1
Ri frxuvh pdq| rwkhuv kdyh vrxjkw wr exlog d jhqhudo htxloleulxp prgho zlwk
prqh|16 Rxu dssurdfk lv qryho lq frpelqlqj doo wkh iroorzlqj hohphqwv= khwhur0
jhqhlw| lq frpprglwlhv dqg dvvhwv dqg djhqwv/ pxowlsoh shulrgv/ xqfhuwdlqw|/ udwlrqdo
h{shfwdwlrqv/ srvlwlyh ydoxh ri prqh| lq d qlwh krul}rq/ uhdo dqg qrplqdo ghwhupl0
qdf| ri htxloleulxp/ qrq0qhxwudolw| ri prqh|/ dqg wkh frqqhfwlrq ehwzhhq jdlqv wr
wudgh dqg wkh rxwvlgh2lqvlgh prqh| udwlr1
Dq lpsruwdqw dqg uhdolvwlf ihdwxuh ri rxu prgho lv wkdw doo h{fkdqjh pxvw eh
sk|vlfdoo| fduulhg rxw ehwzhhq dq| wzr lqvwuxphqwv1 Li dq djhqw zdqwv wr ex| d
wrpdwr zlwk prqh|/ wkhq kh pxvw wxuq ryhu wkh prqh|1 Li kh zlvkhv wr ex| wkh
wrpdwr zlwk d fuhglw fdug/ kh pxvw wxuq ryhu d vols ri sdshu vkrzlqj klv surplvh wr
gholyhu prqh| odwhu1 Lq h{fkdqjh kh rewdlqv wkh wrpdwr/ exw pxvw sd| rxw prqh|
4

Wkrxjk rxu irupdo prgho kdv rqo| wzr0shulrgv/ wklv lv hvvhqwldoo| iru hdvh ri qrwdwlrq1 Iru
dq duelwudu| qlwh qxpehu ri shulrgv/ doo rxu edvlf uhvxowv uhpdlq lqwdfw1 Pdmru glhuhqfhv rffxu/
krzhyhu/ lq dq lqqlwh shulrg vhwwlqj +vhh Gxeh|Jhdqdnrsorv/ 5333,1
5
JHL Jhqhudo Htxloleulxp zlwk Lqfrpsohwh Dvvhw Pdunhwv/ dqg zloo uhihu wr erwk wkh prgho dv
zhoo dv lwv htxloleulxp1 +Wkh phdqlqj zloo eh fohdu iurp wkh frqwh{w1,
6
Wr jlyh dq lqglfdwlyh/ exw e| qr phdqv h{kdxvwlyh/ olvw= Ehzoh| +4<;3/ 4<;7,/ Guì}h
Srohpdufkdnlv +4<<</ 5333/ 5334,/ Judqgprqw +4<;6,/ JudqgprqwOdurtxh +4<:6,/ Judqgprqw
\rxqhv +4<:5/ 4<:6,/ Kd|dvkl +4<:7,/ Ohylqh +4<;<,/ Oxfdv +4<;3,/ PdjlooTxlq}ll +4<<5,/ Rvwur|
Vwduu +4<:7,/ VkxelnZlovrq +4<::,/ dqg Zrrgirug +4<<3,1

4

lq wkh ixwxuh dv surplvhg1 Li kh zlvkhv wr djuhh wrgd| wr wudgh d wrpdwr wrpruurz
djdlqvw dq rudqjh wkh gd| diwhu wrpruurz/ kh pxvw h{fkdqjh d slhfh ri sdshu wrgd|
vwdwlqj klv surplvh djdlqvw wkh fruuhvsrqglqj slhfh ri sdshu frqwdlqlqj wkh rwkhu
vlgh*v surplvh1 Wkhq kh pxvw gholyhu wkh wrpdwr zkhq surplvhg1
Wklv ohdgv qdwxudoo| wr wkh lghd wkdw pdunhw dfwlrqv irup sulfhv1 Wkh sulfh ri 
lq whupv ri  lv vlpso| wkh wrwdo dprxqw ri  fkdvlqj  dw wkh pdunhw/ jlylqj ulvh
wr d vwudwhjlf pdunhw jdph17 Lqghhg rxu PH h{lvwhqfh surri lv edvhg rq wkh Qdvk
{hg srlqw dujxphqw rq wkh vsdfh ri dfwlrqv +qrw wkh sulfh vsdfh/ dv lq JH,1 Vlqfh zh
zrun zlwk d frqwlqxxp ri djhqwv/ zh uhfdvw wkh PH lq whupv ri pruh idploldu exgjhw
vhwv lq zklfk djhqwv uhjdug sulfhv dv {hg1 Exw wkh ixqgdphqwdo dvshfw ri d jdph/
wkdw hyhu| fkrlfh ri djhqwv* vwudwhjlhv hqjhqghuv dq rxwfrph/ lv ixoo| krqruhg lq rxu
prgho1
JHL lv d vshfldo fdvh ri rxu PH dqg rewdlqv suhflvho| zkhq wkhuh duh qr sulydwh
hqgrzphqwv ri prqh|/ l1h1/ qr rxwvlgh prqh|1 Lq wklv vlwxdwlrq doo lqwhuhvw udwhv rq
edqn ordqv dw dq| PH duh dovr }hur/ dqg frpprglw| sulfhv duh lqghwhuplqdwh1 Lqghhg/
zkhq wkh dvvhwv surplvh prqh| +xqlqgh{hg wr frpprglw| sulfhv,/ wkh lqghwhuplqdf|
dovr shuwdlqv wr uhdo doorfdwlrqv +vhh EdodvnrFdvv/ 4<;< dqg JhdqdnrsorvPdv0Frohoo/
4<;<,1
Zkhq wkhuh duh }hur sulydwh hqgrzphqwv ri prqh|/ rxu PH +vlqfh wkh| frlqflgh
zlwk JHL, lqkhulw wkh qrqh{lvwhqfh dqg lqghwhuplqdf| sureohpv ri JHL1 Exw zkhq
wkhvh hqgrzphqwv duh srvlwlyh/ vkdus frqwudvwv rffxu1 Hyhu| hfrqrp| kdv dw ohdvw
rqh PH1 Pruhryhu/ dv zh vkrz lq d frpsdqlrq sdshu +Gxeh|Jhdqdnrsorv/ 4<<7,/
PH duh jhqhulfdoo| ghwhuplqdwh/ qrw rqo| lq whupv ri uhdo exw dovr qdqfldo yduldeohv/
vxfk dv wkh ohyho ri sulfhv dqg lqwhuhvw udwhv1 Wr sxw lw gudpdwlfdoo|/ wkh prphqw zh
lqwurgxfh d glph ri sulydwh rxwvlgh prqh| lqwr wkh hfrqrp|/ erwk wkh qrqh{lvwhqfh
dqg wkh lqghwhuplqdf| sureohpv glvdsshdu18

5

Wkh Prgho
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Wkh Hfrqrp|

Wkh vhw ri vwdwhv ri qdwxuh lv V W @ i3> 4> = = = > Vj1 Vwdwh 3 rffxuv lq shulrg 3/ dqg wkhq
qdwxuh pryhv dqg vhohfwv rqh ri wkh vwdwhv lq9 V @ i4> = = = > Vj zklfk rffxu lq shulrg
41
Wkh vhw ri frpprglwlhv lv O @ i4> = = = > Oj1 Wkxv wkh frpprglw| vsdfh pd| eh
W
ylhzhg dv U7n fu zkrvh d{hv duh lqgh{hg e| i3> 4> = = = > Vj  i4> = = = > Oj1 Wkh sdlu vc
ghqrwhv frpprglw| c lq vwdwh v1 Zh ylhz doo frpprglwlhv dv shulvkdeoh1 Gxudeoh
7

Vwudwhjlf pdunhw jdphv zhuh lqwurgxfhg e| Vkdsoh| dqg Vkxeln lq 4<:6 lq dq DuurzGheuhx
frpsohwh pdunhwv iudphzrun1 Wkh| h{dplqhg pdunhwv lq zklfk prqh| wudghg djdlqvw hyhu| rwkhu
frpprglw|1 Odwhu/ DpluVdklVkxeln\dr +4<<3, frqvlghuhg pdunhwv lq zklfk doo frpprglwlhv
wudghg gluhfwo| djdlqvw hdfk rwkhu1 Zh kdyh h{whqghg wkdw dssurdfk/ doorzlqj/ iru h{dpsoh/ dvvhwv
wr wudgh gluhfwo| djdlqvw frpprglwlhv/ dv lq d fuhglw fdug sxufkdvh1
8
Guì}h dqg Srohpdufkdnlv +5334, vkrz wkdw lqwurgxflqj edqnv zlwkrxw rxwvlgh prqh| pdnhv iru
d pxowlsolflw| ri htxloleuld/ hyhq li wkh edqnv duh sulydwho| rzqhg1
9
Zh xvh wkh qrwdwlrq f ' tc    c f1 Lw zloo dozd|v eh fohdu iurp wkh frqwh{w zkhwkhu f uhihuv
wr wkh vhw ru wkh hohphqw lq wkh vhw1

5

frpprglwlhv duh qrw wkhuhe| h{foxghg/ vlqfh zh doorz sulydwh surgxfwlrq/ lqfoxglqj
lqyhqwru|lqj1
W
Wkh vhw ri djhqwv lv K @ i4> = = = > Kj1 Djhqw k kdv lqlwldo hqgrzphqw h 5 U7n fu
W
ri frpprglwlhv dqg xwlolw| ixqfwlrq x = U7n fu $ U1 Zh dvvxph wkdw qr djhqw kdv
wkh qxoo hqgrzphqw ri frpprglwlhv lq dq| vwdwh/ l1h1/ iru v 5 V W dqg k 5 K
hr @ +hr > = = = > hru , 9@ 3>
dqg/ ixuwkhu/



MM +hr > = = = > hru ,

3

l1h1/ hyhu| qdphg frpprglw| lv dfwxdoo| suhvhqw lq wkh hfrqrp|1
Zlwk lqfrpsohwh pdunhwv/ surgxfwlrq lv wkrxjkw wr eh sureohpdwlf1 Exw wkh
gl!fxow| shuwdlqv rqo| wr mrlqwo| rzqhg surgxfwlrq/ zkhq wkh frq lfwlqj ghvluhv ri
glhuhqw rzqhuv pxvw eh uhfrqflohg1 +Iru rxu wuhdwphqw ri wklv lvvxh/ vhh Gxeh|
Jhdqdnrsorv/ 4<<81, Lq wklv sdshu zh vlghvwhs wkh frq lfw vlpso| e| dvvxplqj wkdw
hdfk surgxfwlrq whfkqrorj| lv rzqhg e| d vlqjoh djhqw1 +Zh qrwh lq sdvvlqj wkdw lq
wkh frpsohwh pdunhwv prgho ri DuurzGheuhx/ lq zklfk surgxfwlrq vhwv duh frqyh{/
wkh k|srwkhvlv ri h{foxvlyh rzqhuvkls ri sulydwh surgxfwlrq fdq eh pdgh zlwkrxw orvv
ri jhqhudolw|1, Surgxfwlrq pd| lqyroyh lqsxw iurp pdq| vrxufhv/ iru h{dpsoh wkh
oderu ri pdq| glhuhqw lqglylgxdov1 Zkdw lv lpsruwdqw lv wkdw wkh frqwuro ri hdfk
up lv qrw iru vdoh1 Iru hdvh ri qrwdwlrq/ zh vxssrvh wkhq wkdw hdfk up kdv d vlqjoh
rzqhu zkr lv qrw doorzhg wr vhoo vkduhv ri wkh up1 Wr wkh h{whqw wkdw wkhuh duh dvvhwv
zlwk sd|rv wkdw duh kljko| fruuhodwhg zlwk wkh uhwxuqv iurp klv surgxfwlrq/ wkh up
rzqhu fdq vlpxodwh wkh vhoolqj ri vkduhv e| vhoolqj vkruw wkhvh dvvhwv1
Wkh lqfrpsohwhqhvv ri dvvhw pdunhwv srwhqwldoo| kdv dq hqruprxv hhfw rq sur0
gxfwlrq fkrlfhv1 Dq rzqhu pd| qrw zdqw wr fkrrvh d ulvn| surgxfwlrq sodq xqohvv
kh fdq surwhfw klpvhoi e| kroglqj d sduwlfxodu nlqg ri dvvhw1 Li wkhuh lv qr vxfk dvvhw
dydlodeoh/ wkhq kh pd| fkrrvh d ohvv dgyhqwxurxv surgxfwlrq sodq1
W
W
Irupdoo|/ hdfk djhqw k kdv d sulydwh surgxfwlrq vhw   U7n fu  U7n fu 1 Iru
dq| $ 5  / zlwk lqsxwv dqg rxwsxwv $  +}> |, @ +}r > |r ,rM7 W / wkh yhfwru }f 5 Uu
n
jlyhv wkh lqsxwv +lq shulrg 3, dqg i|r jrM7 5 U7nfu wkh fruuhvsrqglqj vwdwh0ghshqghqw
rxwsxwv +lq shulrg 4,1 Zh dvvxph }r @ 3 iru doo v 5 V dqg |f @ 31 +Wkxv surgxfwlrq
wdnhv wlph lq rxu prgho1, Zh pdnh wkh vwdqgdug dvvxpswlrqv wkdw li } @ 3 wkhq
| @ 3 +lpsrvvlelolw| ri iuhh surgxfwlrq,> wkdw 3 5  +srvvlelolw| ri qr surgxfwlrq,>
wkdw  lv frqyh{> dqg wkdw  dgplwv iuhh glvsrvdo +l1h1/ li +}> |, 5  dqg }  }>
|  |/ wkhq +
} > |, 5  ,1
Gxudeoh jrrgv olnh wredffr w lqwr rxu prgho dv shulvkdeohv zklfk/ li qrw frq0
vxphg/ fdq eh sxw lqwr surgxfwlrq dqg hphujh lqwdfw qh{w shulrg1
a eh wkh pd{lpxp dprxqw ri dq| frpprglw| vc wkdw fdq eh surgxfhg lq
Ohw E
wkh hfrqrp| zlwk wkh hqgrzphqwv dqg surgxfwlrq srvvlelolwlhv rq kdqg> dqg ohw 4
W
ghqrwh wkh xqlw yhfwru lq U7 fu 1 Wkhq zh dvvxph wkdw hdfk x lv frqwlqxrxv/ frqfdyh/
vwulfwo| lqfuhdvlqj lq hdfk yduldeoh1 Zlwkrxw orvv ri jhqhudolw|/
a
<TW A 3 vxfk wkdw x +3> = = = > 3> TW > 3> = = = > 3, A x +E4,>
6

+,

iru TW lq dq duelwudu| frpsrqhqw1:
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Dvvhwv

Wkh vhw ri dvvhwv lv M @ i4> = = = > Mj1 Wkh| duh wudghg lq shulrg 3/ dqg fdoo iru gholyhulhv
lq shulrg 41 Wkh vhoohu ri rqh xqlw ri dvvhw m 5 M surplvhv wr gholyhu d vwdwh frqwlqjhqw
yhfwru ri frpprglwlhv dqg prqh|1 Wkxv zh pd| ylhz dvvhw m dv dq +O . 4,  V
glphqvlrqdo yhfwru D / zkrvh vwk frpsrqhqwv +Dr > = = = > Dru > Dr6 , vshfli| wkh dprxqw
Dr ri frpprglw| c 5 O/ dqg wkh prqh| Dr6 / gxh lq vwdwh v 5 V1 Zh dvvxph wkdw
D 9@ 3>

D  3=

Djhqwv kdyh qr hqgrzphqwv ri dvvhwv1 Dq dvvhw vdoh lv wkhuhiruh d vkruw vdoh1
Qr olplw lv lpsrvhg rq wkhvh vdohv1 +Lq JHL/ wklv xqerxqghgqhvv fdq ghvwur| wkh
h{lvwhqfh ri htxloleulxp1,
Doo dvvhw gholyhulhv pxvw eh pdgh lq prqh|1 Zkhq wkh dvvhw surplvhv lqfoxgh
frpprglwlhv/ wkh vhoohu lv reoljhg wr gholyhu wkh prqh| htxlydohqw/ rewdlqhg e| pxo0
wlso|lqj wkh txdqwlwlhv ri surplvhg frpprglwlhv e| wkhlu vsrw sulfhv lq wkh uhohydqw
vwdwh1 Exw wklv lv iru hdvh ri qrwdwlrq1 Zh frxog kdyh jlyhq wkh vhoohu wkh rswlrq ri
gholyhulqj sduw ri wkh surplvhg frpprglwlhv dqg wkh edodqfh lq prqh| htxlydohqw1
Zkhq wkh dvvhw m surplvhv gholyhu| vroho| lq prqh|/ xqlqgh{hg wr dq| frpprglw|/
l1h1/ Dr @ 3 ;c 5 O> v 5 V/ wkhq zh fdoo m d qrplqdo dvvhw1 Wkh prvw lpsruwdqw
qrplqdo dvvhw lv wkh vr0fdoohg ulvnohvv dvvhw= Dr6 @ 4 ;v 5 V1 Wkh ex|hu ri wklv dvvhw
lq hhfw lv ordqlqj/ dqg wkh vhoohu lv eruurzlqj/ djdlqvw d surplvh wr gholyhu 4 groodu
iru vxuh lq wkh ixwxuh1
Li dvvhw m surplvhv gholyhu| rqo| lq frpprglwlhv/ wkhq zh fdoo lw uhdo1 Li wkh
gholyhulhv duh erwk lq frpprglwlhv dqg prqh|/ zh fdoo lw pl{hg1

516

Rxwvlgh Prqh|

Rxu prgho lv ghvljqhg wr fdswxuh wkh pxowlsoh idfhwv ri prqh|1 Zh zloo vxssrvh wkdw
prqh| lv wkh vwlsxodwhg phglxp ri h{fkdqjh1 Doo frpprglwlhv dqg dvvhwv fdq eh
wudghg iru prqh|/ dqg +dv zh kdyh qrwhg, doo dvvhwv gholyhu h{foxvlyho| lq prqh|1
Prqh| lv dw> xqolnh frpprglwlhv lw jlyhv xwlolw| wr qr djhqw1 Dovr xqolnh frp0
prglwlhv/ lw fdqqrw eh sulydwho| surgxfhg1 Lw lv shuihfwo| gxudeoh1 Lwv ydoxh uhvlghv
lq wkh idfw wkdw lw fdq eh xvhg iru wudqvdfwlrqv/ dqg dv d vwruh ri ydoxh +e| fduu|lqj
lw iruzdug iru ixwxuh xvh,1
Prqh| hqwhuv wkh hfrqrp| lq wzr zd|v1 Lw pd| eh suhvhqw lq wkh sulydwh hqgrz0
phqwv ri djhqwv1 Ohw
pr  sulydwh hqgrzphqw ri prqh| iru k lq vwdwh v 5 V W
Zh fdq lqwhusuhw pr dv d jryhuqphqw wudqvihu wr djhqw k ru dv k*v sulydwh lqkhulwdqfh
iurp wkh +xqprghohg, sdvw1 Wkh yhfwru +pr ,rMM7M / lv fdoohg rxwvlgh prqh|/ ehfdxvh lw
hqwhuv wkh v|vwhp iuhh dqg fohdu ri dq| rvhwwlqj reoljdwlrqv1
:

Wkhvh dvvxpswlrqv fdq eh uhod{hg/ dqg duh pdgh iru hdvh ri suhvhqwdwlrq1
Jhdqdnrsorv +5334,1

7

Vhh Gxeh|
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Lqvlgh Prqh|

D fuxfldo lqjuhglhqw ri rxu prgho lv d jryhuqphqw edqn zklfk vwdqgv uhdg| wr ordq
dq h{rjhqrxvo| vshflhg txdqwlw| ri prqh| dw lqwhuhvw udwhv wkdw duh hqgrjhqrxvo|
ghwhuplqhg dw htxloleulxp1 Wkh prqh| eruurzhg iurp wkh edqn dovr hqwhuv wkh
v|vwhp1
Irupdoo| vshdnlqj/ zh pd| uhjdug d edqn ordq dv d sxufkdvh e| wkh edqn ri d
vshfldo nlqg ri edqn erqg; iurp wkh eruurzhu1 Iru vlpsolflw|/ zh doorz rqo| wzr nlqgv
ri edqn erqgv1 Vkruw0whup edqn erqgv surplvh 4 groodu dw wkh hqg ri wkh vdph vwdwh
lq zklfk wkh| duh wudghg1 Orqj0whup edqn erqgv/ zklfk fdq rqo| eh wudghg lq shulrg
3/ surplvh 4 groodu dw wkh hqg ri hyhu| vwdwh lq shulrg 41 Ohw Q  i3> 3> 4> > = = = > Vj
lqgh{ wkh edqn erqgv/ zkhuh 
3 lv iru wkh orqj0whup edqn erqg/ dqg v iru wkh vkruw0
whup edqn erqg lq vwdwh v 5 V W 1 Ohw  ? ghqrwh wkh sulfh ri edqn erqg q1 Wkhq  ?
fruuhvsrqgv wr lqwhuhvw udwh u? zlwk  ? @ 4@+4 . u? ,/ iru doo q 5 Q1 Wkxv dq djhqw
zkr eruurzv } grooduv rq wkh vkruw whup ordq lq vwdwh v ^ru rq wkh orqj whup ordq lq
vwdwh 3` rzhv +4 . ur ,} ^ru +4 . u7f ,}` dw wkh hqg ri vwdwh v ^dw wkh hqg ri hyhu| w 5 V`1
Zh vxssrvh wkh edqn sxwv xs d {hg vwrfn ri +lqvlgh, prqh| rq hdfk edqn erqg1
Ohw
P?  edqn prqh| sxw xs iru edqn erqg q 5 Q=
Wkh txdqwlw| P? lv hhfwlyho| wkh prqh| ordqhg djdlqvw wkh surplvh ghqrwhg e| edqn
erqg q1 Wkh yhfwru +P? ,?M lv fdoohg lqvlgh prqh|/ ehfdxvh lw hqwhuv wkh v|vwhp
dffrpsdqlhg e| dq rvhwwlqj reoljdwlrq/ vljqdoolqj lwv hyhqwxdo ghsduwxuh1
Djhqwv duh shuplwwhg wr ex| edqn erqgv/ dv zhoo dv vhoo wkhp/ lq zklfk fdvh wkh|
hduq wkh vdph uhwxuq rq wkhlu prqh| dv wkh edqn lv jhwwlqj1
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Pdunhwv

Ohw L  O ^ ipj ^ M ^ Q1 Wkxv L lv wkh vhw ri doo lqvwuxphqwv +frpprglwlhv/ prqh|/
dvvhwv dqg edqn ordqv, lq wkh hfrqrp|1
D pdunhw dozd|v lqyroyhv d elodwhudo h{fkdqjh ehwzhhq d sdlu ri lqvwuxphqwv dw
d sduwlfxodu srlqw ri wlph1 Pdq| pdunhwv duh plvvlqj lq dq| prghuq gd| hfrqrp|1
Iru h{dpsoh/ zkloh frpprglwlhv wudgh djdlqvw prqh|/ zh riwhq qg wkdw wkh| gr qrw
gluhfwo| wudgh djdlqvw hdfk rwkhu1 Prqh| lv xqltxh lq wkdw lw fdq eh wudghg djdlqvw
hyhu|wklqj dqg/ lqghhg/ lw lv suhflvho| rq dffrxqw ri wklv wkdw lw kdv ydoxh1 Exw wudglqj
h{foxvlyho| yld prqh| lv qrw zlwkrxw lwv gl!fxowlhv= wkhuh pd| qrw eh hqrxjk prqh|
wr vxssruw ghvluhg ohyhov ri vlpxowdqhrxv wudgh1 Zkhq wklv kdsshqv wkh ghpdqg iru
prqh| pxvw eh udwlrqhg wkurxjk kljk lqwhuhvw udwhv1
Rqh uhdo zruog lqvwlwxwlrq zklfk kdv hphujhg wr dpholrudwh wkhvh fdvk frqvwudlqwv
lv wkh fuhglw fdug1 D fuhglw fdug sxufkdvh ri d frpprglw| lv lq hhfw wkh h{fkdqjh ri
d surplvh wr gholyhu prqh| lq wkh ixwxuh iru wkh frpprglw| wrgd|1 Zh lqfrusrudwh
fuhglw fdugv lqwr rxu prgho e| srvwxodwlqj wkdw vrph dvvhwv fdq eh wudghg gluhfwo|
djdlqvw frpprglwlhv1 E| wudglqj dq dvvhw djdlqvw prqh| zh dovr doorz iru fuhglw fdug
zlwkgudzdov ri prqh|1 Ixuwkhupruh/ zh sxw qr olplw rq wkh txdqwlw| ri fuhglw fdug
;

Zh fdoo wkhp edqn erqgv ehfdxvh wkh edqn wudghv wkhp1 Lq rxu uvw prgho wkh edqn rqo| ex|v
wkhp1 Odwhu lw zloo dovr vhoo wkhp1

8

sxufkdvhv dq djhqw fdq pdnh1 +Wkh djhqw zloo/ krzhyhu/ eh reoljhg wr nhhs doo klv
surplvhv/ dqg wkdw reoljdwlrq zloo olplw klv surplvhv wr zkdw fdq eh rewdlqhg iurp
klv ixwxuh uhyhqxh1,
D pdunhw lv ghqrwhg e| d wulsoh v/ zkhuh v 5 V W >  5 L  L dqg  9@ 1 Zh
vkdoo dozd|v lghqwli| v dqg v1 Wklv v|pero uhsuhvhqwv d pdunhw lq vwdwh v lq
zklfk  dqg  fdq gluhfwo| wudgh zlwk hdfk rwkhu1 Ohw P eh wkh froohfwlrq ri doo
pdunhwv lq wkh hfrqrp|1
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Pdunhw Wlplqj

Lq rughu wr idflolwdwh frpsdulvrq ri rxu prgho zlwk wkh fdqrqlfdo JHL prgho/ zh
kdyh uhvwulfwhg rxuvhoyhv wr d wzr0shulrg vhwwlqj1 Vlqfh djhqwv pxvw sxw xs prqh|
iru sxufkdvhv ri vrph dvvhwv dqg frpprglwlhv/ zh qhhg wr lqwurgxfh dq hduolhu prphqw
lq wlph zkhq wkh| fdq eruurz prqh| iurp wkh edqn dqg d odwhu prphqw wr uhsd|1
Wkxv zh vxeglylgh hdfk shulrg v lqwr wkuhh vwdjhv=
Vwdjh 4= edqn erqgv duh wudghg/ dqg surgxfwlrq iurp suhylrxv shulrg pdwhuldol}hv
Vwdjh 5= frpprglw| dqg dvvhw pdunhwv phhw dqg rog dvvhwv gholyhu
Vwdjh 6= edqn erqgv duh uhsdlg/ dqg frqvxpswlrq0lqyhvwphqw rffxuv1

51:

Dvvxpswlrqv rq P

Fohduo| dvvhw pdunhwv phhw rqo| lq shulrg 3/ l1h1/
v 5 P dqg  5 M , v @ 3=
Edqn ordqv fdq rqo| eh wdnhq rxw lq vwdwhv dv ghvljqdwhg=
vqp 5 P> q 5 Q / q @ v> ru q @ 3 dqg v @ 3=
Iru vlpsolflw|/ dqg shukdsv qrw xquhdolvwlfdoo|/ zh dovr dvvxph wkdw hdfk dydlodeoh
lqvwuxphqw wudghv djdlqvw prqh|=
vcp 5 P iru doo v 5 V W dqg c 5 O>
3mp 5 P iru doo m 5 M1
Zh qdoo| pdnh wkh dvvxpswlrq wkdw frpprglwlhv gr qrw wudgh gluhfwo| djdlqvw
hdfk rwkhu lq shulrg 4=
v 5 V> c 5 O> n 5 O , vcn 5
@P
Wklv odvw dvvxpswlrq pd| eh glvshqvhg zlwk +vhh Vhfwlrq 4414,1

6

Pdunhw Dfwlrqv

Qh{w frqvlghu wkh pdunhw dfwlrqv ri dq djhqw k1 Lw zloo eh frqyhqlhqw wr wklqn ri wklv
W
dv d yhfwru t  5 U7n fU fU / zkhuh

txdqwlw| ri  vhqw e| k +lq vwdwh v, wr wudgh djdlqvw / li v 5 P

trkq @
3/ li v 5
@P
9

Dv zdv douhdg| hpskdvl}hg lq wkh lqwurgxfwlrq/ doo wudqvdfwlrqv kdyh d sk|vlfdo
lqwhusuhwdwlrq lq rxu prgho= h1j1/ jrrgv duh wudghg iru prqh| dqg ylfh yhuvd1 Wkxv
wkh prqh| uhfhlswv iurp d vdoh fdqqrw eh xvhg iru sxufkdvhv dw dq| rwkhu pdunhw wkdw
phhwv frqwhpsrudqhrxvo|1 Rq wkh rwkhu kdqg/ rxu prgho shuplwv hdfk djhqw wr wdnh
rxw edqn ordqv dw wkh ehjlqqlqj ri hyhu| vwdwh +ehiruh wudgh wdnhv sodfh,1 Wkh djhqw
fdq xvh wkh eruurzhg prqh| iru sxufkdvhv/ dqg uhsd| wkh uhvxowlqj ordq rxw ri wkh
uhfhlswv iurp klv vdohv1 Qhyhuwkhohvv/ wkh lqwhuhvw udwh rq wkh ordq pd| eh vr kljk
wkdw wkh djhqw lv lqghhg oltxlglw| frqvwudlqhg1
Wkh jryhuqphqw pd| dovr dfw lq wkh vdph zd|1 Zh ghqrwh e| Trkq wkh txdqwlw|
ri  vhqw wr wudgh djdlqvw  lq vwdwh v e| wkh jryhuqphqw1 Zkhq  @ p dqg  5 Q/
zh kdyh douhdg| vshflhg Trkq e| Pq 1
Lq dgglwlrq/ wkh jryhuqphqw fdq lq sulqflsoh dovr lqwhuyhqh zlwk srvlwlyh Trkq rq
rwkhu pdunhwv1 Zkhq lw vhoov dvvhwv/ zh vxssrvh wkdw lw ixoo| krqruv wkh fruuhvsrqglqj
gholyhulhv1 Li iru vrph c 5 O/ wkh jryhuqphqw vhwv Tr6 ru Tr6 srvlwlyh/ wkhq lw
sxufkdvhv ru vhoov frpprglw| c1 +Wklqn ri wkh sxufkdvh ri oderu iru sxeolf surmhfwv/
ru wkh vdoh ri judlq rxw ri jryhuqphqw vwrfnv1, Wkxv rxu prgho shuplwv d pl{ ri
prqhwdu| dqg vfdo srolflhv/ wkrxjk zh gr qrw sxuvxh wkdw glvfxvvlrq khuh1 +Vhh/
krzhyhu/ Gxeh|Jhdqdnrsorv/ 4<<91,

7

Sulfhv

Zh ghqh 3 ? srkq ? 4/ zkhuh

sulfh ri  lq whupv ri  li wkh pdunhw v 5 P>
srkq @
4/ li v 5
@P
dqg qdwxudoo| uhtxluh

srkq @ +srqk ,3 =

Pdunhw dfwlrqv ghwhuplqh sulfhv=
srkq @

8


Trqk . MM trqk
3
 @ +srqk , =
Trkq . MM trkq

Wkh Exgjhw Vhw
W

Wkh djhqwv uhjdug wkh sulfhv s 5 U7nnfU fU dv {hg1 Jlyhq s/ wkh fkrlfh vhw dydlodeoh
wr djhqw k lv ghqrwhg e| R 1
W
Ghqrwh wkh fkrlfhv ri djhqw k e|   +t  > { > $ , zkhuh { 5 U7n fu lv klv
frqvxpswlrq/ $  @ +}> |, 5  lv klv sulydwh surgxfwlrq/ dqg t  lv wkh yhfwru ri doo
klv pdunhw dfwlrqv dv glvfxvvhg1
Lw zloo eh frqyhqlhqw/ lq suhvhqwlqj wkh exgjhw vhw/ wr xvh wkh iroorzlqj qrwdwlrq=


 / t  iru  5 F  L> s
duh wkh yhfwruv zlwk frpsrqhqwv trkq
trk / trk
rk dqg
rqk
srk duh lqwhusuhwhg vlploduo|1 Zh zloo xvh 4 iru wkh yhfwru zlwk doo frpsrqhqwv 4
+zkrvh glphqvlrq zloo eh fohdu iurp wkh frqwh{w,/ dqg  iru grw surgxfw1 Dovr Dru
:

  O ^ ipj,1 Zkhq v @ 3/ wkh
lv wkh yhfwru +Dr > = = = > Dru > Dr6 , +l1h1/ zh kdyh vhw O

frpsrqhqwv ri Dfu duh xqghuvwrrg wr eh }hur1
Wkh frqvwudlqwv rq  @ +t  > { > $  ,/ jlyhq {hg sulfhv s/ duh dv iroorzv1 +Khuh
+, ghqrwhv wkh glhuhqfh ehwzhhq wkh uljkw0kdqg0vlgh dqg ohiw0kdqg0vlgh ri lqhtxdo0
lw| +, dqg v ghqrwhv wkh suhghfhvvru vwdwh ri v/ vr wkdw v @ 3 li v 5 V1 Doo txdqwlwlhv
lqyroylqj 3 duh xqghuvwrrg wr eh }hur1,
Lq vwdwh v 5 V W =
Vwdjh 4
+v+l,, Ex| dqg vhoo edqn erqgv/ zlwk h{shqglwxuhv  prqh| rq kdqg=

4  tr6
 pr . p
 r =

+Khuh p
 r lv qrqqhjdwlyh dqg uhsuhvhqwv wkh prqh| dw wkh hqg ri vwdwh v dqg fduulhg
lqwr vwdwh v iurp wkh sdvw1 Lw lv qrw dq dfwlrq yduldeoh dqg lv ghwhuplqhg uhvlgxdoo|1,
+v+ll,, Rxwsxw iurp suhylrxv lqyhvwphqw pdwhuldol}hv=
$  @ +}  > |  , 5  =
Vwdjh 5
+v+lll,,6 Prqh| vshqw rq sxufkdvhv dqg gholyhulhv  prqh| ohiw lq +v+l,, . prqh|
eruurzhg=

 .


4  tr6U
 Ma +sru 6  Dru ,+4  tr U ,  +v+l,, . sr6  tr6

+v+lll,,Mu Frpprglw| c vrog  c hqgrzhg .c surgxfhg=
  h . | 
4  trU
r
r

Vwdjh 6
+v+ly,, Prqh| lqyhqwrulhg lqwr qh{w vwdwh @ prqh| ohiwryhu lq +v+lll,,6 . prqh|
rewdlqhg iurp vdohv/ dvvhw gholyhulhv dqg edqn ghsrvlwv  prqh| uhwxuqhg
rq edqn ordqv=

p
 r  +v+lll,,6 . srU6  trU6
 . s   t    t   t    3=
.  Ma +sru 6  Dru ,+sfU  tfU , . sr6r tr6r
r 6r7 r 6r7
r r7 6
rr6

+v+y,, c frqvxphg dqg xvhg iru surgxfwlrq lqsxwv  c ohiwryhu lq +v+lll,, . c
sxufkdvhg=
  +v+lll,, . s  t  =
{r . }r

rU rU

;

Iluvw qrwh wkdw wkh vhw R ri doo  wkdw vdwlvi| wkh deryh frqvwudlqwv lv fohduo|
frqyh{/ iru dq| {hg s
3> dqg vr lv lwv surmhfwlrq ER rqwr wkh frqvxpswlrq
frpsrqhqwv { 1 Wkh vhw ER lv wkh exgjhw vhw ri wudghu k/ jlyhq sulfhv s1
Vxssrvh +t  > { > $  , 5 R +h > p ,/ zkhuh wkh odwwhu pdnhv h{solflw wkh ghshqghqfh
ri wkh fkrlfh vhw
rq h > p 1 Wkhq/ iru dq| 3 ?  ? 4/ zh kdyh +t  > { > $  , 5
S

 +h > p , 
 

R
R +h > p ,1 Zh fdoo wklv wkh vfdolqj surshuw| ri R 1
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Qhwwlqj Edqn Ordqv

Zh doorz wkh djhqw wr sd| wkh qhw wkdw kh rzhv ru lv rzhg1 +Vhh +v+ly,,1, E| frqwudvw/
zh frxog kdyh uhtxluhg djhqwv wr uhsd| wkhlu ordqv dw wkh hqg ri dq| vwdwh rxw ri wkhlu
prqh| rq kdqg ehiruh uhfhlylqj uhwxuqv rq wkhlu ghsrvlwv1 Exw qrzdgd|v rq Zdoo
Vwuhhw/ qhwwlqj lv frpprqsodfh1 Li dq djhqw ex|v dqg vhoov wkh vdph dvvhw +shukdsv
dw glhuhqw wlphv,/ kh lv ghhphg diwhuzdugv wr kdyh wudghg mxvw wkh glhuhqfh1 Lq rxu
exgjhw vhw/ qhwwlqj lv grqh rq wkh vkruw ordq lq vwdwh 3/ dqg dfurvv erwk wkh vkruw dqg
orqj whup ordqv lq hyhu| vwdwh v 5 V1

9

Qhwwlqj Dvvhw Gholyhulhv

Qhwwlqj lv vrfldoo| lpsruwdqw1 Lw hfrqrpl}hv rq wkh djjuhjdwh dprxqw ri prqh| wkdw
lv qhfhvvdu|/ vlqfh rqo| wkh qhw qhhgv wr eh gholyhuhg1 Zlwkrxw qhwwlqj/ qrplqdo
dvvhw vdohv zrxog qhfhvvdulo| eh erxqghg/ vlqfh wkhuh lv d qlwh vwrfn ri prqh| lq
wkh hfrqrp|1 Exw qhwwlqj shuplwv duelwudulo| odujh vdohv ri glhuhqw dvvhwv/ vr orqj dv
wkhlu qhw gholyhu| lv erxqghg1 Zh vkdoo qhyhuwkhohvv vkrz wkdw vr orqj dv qhwwhg dvvhwv
wudgh rqo| djdlqvw prqh| ru frpprglwlhv/ wkh h{lvwhqfh ri PH fduulhv wkurxjk1<
Zh frxog lpdjlqh d ixwxuh lqqrydwlrq rq Zdoo Vwuhhw lq zklfk wkhuh lv rqh fohdulqj
krxvh iru wkh gholyhulhv rq doo dvvhwv1 Lq wkh suhvhqwdwlrq ri wkh exgjhw vhw vr idu zh
pdlqwdlqhg wkh k|srwkhvlv wkdw wkh djhqwv pxvw eh deoh wr sk|vlfdoo| gholyhu wkh
surplvhg prqh| +vhh +v+lll,,6 , rq hdfk dvvhw sulru wr uhfhlylqj dq| gholyhulhv1 Exw
zh zloo lqfrusrudwh qhwwlqj rq dvvhw gholyhulhv dqg vkrz krz wkh exgjhw vhw qhhgv wr
eh prglhg1
Frqvlghu d srro ri dvvhwv M  M1 Lpdjlqh d fhqwudo fohdulqj krxvh zklfk nhhsv
 Lq vkruw/ djhqw
wudfn/ iru hdfk djhqw/ ri krz pxfk prqh| kh rzhv ru lv rzhg rq M1
k lv fdoohg xsrq wr sd| wkh qhw=




 
 Ma+sru 6  Dru ,+4  tf u  sfu   tfu  ,  Qr +s> t > M,

 Zh xvh wkh vxevfulsw O
 rq wkh pdunhw dfwlrqv t  /
lq hdfk vwdwh v 5 V rq wkh srro M1

udwkhu wkdw L/ ehfdxvh zh dvvxph=
 zkrvh gholyhulhv duh qhwwhg/ wudgh rqo| djdlqvw prqh|
dvvhwv m 5 M/
<

Vhfrqg/ lq fdvh wkhuh lv wkh srvvlelolw| ri ghidxow +zklfk zh kdyh h{solflwo| uxohg rxw,/ qhwwlqj
uhgxfhv lwv olnholkrrg1 Li  vhoov dq dvvhw  wr 2 / dqg 2 vlpxowdqhrxvo| vhoov dvvhw  wr  / wkhq 2
pljkw froohfw iurp  dqg fkrrvh qrw wr gholyhu wr  1 Li wkhuh zhuh qhwwlqj/ wkhq 2 zrxog eh qhwwhg
rxw/ dqg  zrxog hhfwlyho| rzh wkh ghew wr  / holplqdwlqj 2 *v ghidxow1

<

dqg frpprglwlhv
Li wklv qhw lv srvlwlyh/ k pxvw sd| wkh fohdulqj krxvh> li lw lv qhjdwlyh kh uhfhlyhv
prqh| iurp wkh fohdulqj krxvh1 Diwhu pdnlqj lwv froohfwlrqv dqg glvexuvdov/ wkh
fohdulqj krxvh lwvhoi qhwv wr }hur1
Wr ghqh wkh exgjhw0vhw xqghu qhwwlqj zh qhhg wr fkrrvh d vwdjh lq hdfk vwdwh
 Wr suhvhuyh
v 5 V lq wkh exgjhw vhw ghglfdwhg wr wkh vhwwohphqw ri gholyhulhv rq M1

wkh lqwhusuhwdwlrq ri d vhsdudwh srro ri dvvhwv/ wkh vhwwohphqw rq M pxvw qrw eh
djjuhjdwhg zlwk wkdw ri dqrwkhu glvmrlqw srro Ma ri dvvhwv1 Zhuh zh wr gr vr dqg
 . Qr +s> t> M,
a  prqh| rq kdqg/ wklv zrxog lq hhfw fuhdwh d
zulwh= Qr +s> t > M,

a
qhz srro M ^ M1 Pruh lpsruwdqwo| wkh vhwwohphqw rq M pxvw qrw eh frpelqhg zlwk
oltxlglw| frqvwudlqwv rq pdunhwv/ iru wklv zrxog kdyh wkh hhfw ri srrolqj dfurvv wkrvh
pdunhwv1 Wr vxp xs/ zh fdq sduwlwlrq M lqwr srrov/ dqg d sulrul dvvljq glvwlqfw vwdjhv
lq wkh exgjhw vhw wuhh iru wkhlu gholyhulhv wr eh vhwwohg1
Iru frqfuhwhqhvv zh vkdoo jlyh wkh surri iru wkh fdvh zkhq doo wkh qhwwhg dvvhwv
lq M irup rqh srro/ dqg wkhlu gholyhulhv duh pdgh diwhu frpprglw| wudghv/ lq hdfk
v 5 V/ exw ehiruh uhsd|lqj edqn ordqv1 Wkxv/ lq wkh exgjhw vhw/ zh dgg d vwdjh v+ly,3
ehiruh v+ly,=
  +v+l,,
+v+ly,3 ,= Qr +s> t > M,
dqg lq v+ly,S
zh uhsodfh +v+lll,6 , zlwk +v+ly,3 ,/ dqg qdoo| lq +v+ly,, zh uhsodfh
S
 Ma zlwk  Ma .a1

:

Prqhwdu| Htxloleulxp

Wkh prqhwdu| hfrqrp| H lv ghvfulehg e|

H @ ++x > h >  > p ,MM > +D , Ma > P> T> M,=
Zh vd| wkdw +s> + ,MM ,/ zkhuh  @ +t  > { > $  ,/ lv d prqhwdu| htxloleulxp ri
H +dqg ghqrwh lw PH, l=
Iru doo v 5 P/

Iru doo k 5 K/

 ,@T

srkq +Trkq . MM trkq
rqk . MM trqk

+4,

 5 R

+5,

t > {
a > $
a  , 5 R , x +a
{ ,  x +{ ,=

a  @ +a

+6,

Frqglwlrq +4, vd|v wkdw doo pdunhwv fohdu/ dqg +5, dqg +6, vd| wkdw doo djhqwv
rswlpl}h lq wkhlu exgjhw vhwv1
Uhfdoo wkdw/ e| dvvxpswlrq/ s lv vwulfwo| ehwzhhq 3 dqg 4 lq hdfk frpsrqhqw1
Wkxv rxu ghqlwlrq ri prqhwdu| htxloleulxp vwlsxodwhv wkdw prqh| kdv srvlwlyh ydoxh1
43

;

Lqwudwhpsrudo Jdlqv wr Wudgh

Vlqfh prqh| lv dw/ lw fdq rqo| kdyh ydoxh li lw lv dfwxdoo| xvhg lq wudgh1 Zh vkdoo
wkhuhiruh dvvxph dq| doorfdwlrq dfklhydeoh zlwkrxw prqh| pxvw eh idu iurp Sduhwr
h!flhqw1
Gheuhx ^4<84` lqwurgxfhg wkh frh!flhqw ri uhvrxufh xwlol}dwlrq wr phdvxuh krz idu
d jlyhq doorfdwlrq lv iurp Sduhwr rswlpdo1 Klv phdvxuh lghqwlhv wkh iudfwlrq ri wkh
djjuhjdwh uhvrxufhv wkdw fdq eh jlyhq xs zkloh ohdylqj ehklqg hqrxjk wr glvwulexwh
vr dv wr pdlqwdlq wkh vdph xwlolw| ohyhov dv ehiruh1 Lq Gxeh|Jhdqdnrsorv +4<<5/
5334, zh sursrvhg dq dowhuqdwlyh phdvxuh ri wkh jdlqv wr wudgh1 Wkh lghd zdv qrw wr
wd{/ dv lq Gheuhx/ wkh djjuhjdwh uhvrxufhv/ exw lqvwhdg wr frqvlghu wkh pd{lpxp wd{
rq wudghg uhvrxufhv wkdw zrxog vwloo ohdyh urrp iru Sduhwr lpsuryhphqw1 Zh h{whqg
wkdw rqh shulrg ghqlwlrq wr wkh pxowlvwdwh vhwwlqj ri rxu suhvhqw prgho1
W
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Wkxv wkh wudghv frqwhpsodwhg wr 0Sduhwr0lpsuryh lqyroyh d wd{ ri @+4 . ,
rq wudgh1

Li/ dw wkh doorfdwlrq +{ > = = = > {M ,/ zh fdq qg sr 5 Uu
n vxfk wkdw= sr   r  3






M
{ +>  r ,  x +{ , iru doo k 5 K/ wkhq +{ > = = = > { , lv 0Sduhwr rswlpdo
lpsolhv x +
lq vwdwh v1 Qrwh qdoo| wkdw 30Sduhwr0rswlpdo frlqflghv zlwk wkh vwdqgdug qrwlrq ri
Sduhwr rswlpdo1

E7W fuM lv

Ghqlwlrq1 Wkh jdlqv wr wudgh  r +{, lq vwdwh v 5 V dw d srlqw { 5 Un
ghqhg dv wkh vxsuhpxp ri doo  iru zklfk { lv qrw 0Sduhwr rswlpdo lq vwdwh v1
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Lqwudwhpsrudo Rxwvlgh0Lqvlgh Prqh| Udwlr

Wkh prphqw zh hqwhu dq| vwdwh v 5 V lq shulrg 4/ wkh vwrfn ri rxwvlgh prqh| +rzqhg
iuhh dqg fohdu zlwkrxw dq| rvhwwlqj reoljdwlrqv, lv htxdo wr wkh iuhvk hqgrzphqw ri
prqh| lq vwdwh v soxv wkh prqh| lqyhqwrulhg iurp shulrg 3/ ohvv zkdw lv douhdg| rzhg
rq wkh orqj ordq wr wkh edqn1 Zh vkdoo vhh wkdw wklv vwrfn lv qhyhu pruh wkdq
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Wkh vwrfn ri lqvlgh prqh| lqmhfwhg lq vwdwh v lv Pr 1
Wkh pd{lpdo udwlr ri rxwvlgh prqh| wr lqvlgh prqh| lq vwdwh v 5 V lv wkhuhiruh
jlyhq e|
p
ar
=
r +p> P, @
Pr
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Jdlqv wr Wudgh K|srwkhvlv

Iru dq| vwdwh v 5 V/ ghqh wkh vhw [r ri doorfdwlrqv wkdw lqyroyh qr wudgh lq vwdwh v=

E7 W fuM
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dqg {r @ hr . |r iru doo k 5 Kj=
Wkxv/ li

MM

MM

 @ i3j iru doo k/ wkhq/

+{ > = = = > {M , 5 [r , {r @ hr iru doo k 5 K=
Zh duh uhdg| wr vwdwh wkh dvvxpswlrq wkdw wkhuh duh hqrxjk jdlqv wr wudgh dw hdfk
srlqw ri [r iru doo v 5 V1
Jdlqv wr Wudgh K|srwkhvlv1 Iru doo v 5 V dqg hyhu| { 5 [r /  r +{, A r +p> P,=
Wklv k|srwkhvlv uhtxluhv wkdw wkhuh eh jdlqv wr wudgh lq hyhu| vwdwh v 5 V lq shulrg
41 +Wkh k|srwkhvlv lv qrw qhfhvvdu| iru v @ 31, Lw dovr uxohv rxw wkh fdvh ri rqo| rqh
frpprglw| shu vwdwh/ l1h1/ lw lpsolhv &O A 41 Revhuyh wkdw li qr doorfdwlrq lq [r lv
Sduhwr rswlpdo lq vwdwh v/ l1h1/ wkh hqgrzphqw +hqkdqfhg e| sulydwh surgxfwlrq, lv
qrw Sduhwr rswlpdo lq vwdwh v/ wkhq dv Pr $ 4/ ohdylqj wkh hfrqrp| rwkhuzlvh {hg/
wkh Jdlqv wr Wudgh K|srwkhvlv lv dxwrpdwlfdoo| vdwlvhg1
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Wkh H{lvwhqfh ri Htxloleulxp

Zh duh qrz uhdg| wr zulwh rxu pdlq wkhruhp1 Wkh wkhruhp vkrzv wkdw li wkh srwhqwldo
jdlqv wr wudgh duh odujhu wkdq wkh pd{lpdo rxwvlgh0lqvlgh prqh| udwlr/ wkhq wkh
hfrqrp| zloo qg d zd| wr xvh prqh| wr h{sorlw vrph ri wkhvh jdlqv1 Dqg wkdw zloo
lqhylwdeo| jlyh prqh| srvlwlyh ydoxh1
Wkhruhp 41 Frqvlghu d prqhwdu| hfrqrp| zklfk vdwlvhv wkh Jdlqv wr Wudgh
K|srwkhvlv1 Vxssrvh wkdw jryhuqphqw dfwlrqv frqvlvw vroho| ri sxwwlqj xs edqn prqh|/
zlwk P? A 3 iru doo q 5 Q1 Vxssrvh MM pf A 31 Wkhq d prqhwdu| htxloleulxp
h{lvwv1
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Fruroodu|1 H{lvwhqfh ri PH dovr krogv lq wkh deryh prgho li wkh orqj ordq lv plvvlqj/
l1h1/ 3
3p 5
@ P1 +Lq wklv fdvh zh lqwhusuhw P7f wr eh }hur lq wkh Jdlqv wr Wudgh
K|srwkhvlv1,
Wklv wkhruhp frphv dv d elw ri d vxusulvh iru vhyhudo uhdvrqv1 Iluvw/ dv zh phq0
wlrqhg hduolhu/ prqh| lv dw/ wkh wlph krul}rq lv qlwh/ dqg djhqwv rzq srvlwlyh
hqgrzphqwv ri wkh prqh| iuhh dqg fohdu/ zlwk qr edodqflqj ghewv1 Wkh surri vkrzv
wkdw djhqwv zloo yroxqwdulo| eruurz prqh| iurp wkh edqn/ gulylqj xs lqwhuhvw udwhv
suhflvho| wr wkh srlqw wkdw wkh| rzh +lq wkh djjuhjdwh, qrw rqo| zkdw wkh| eruurzhg/
exw dovr doo ri wkhlu sulydwh hqgrzphqwv ri prqh|1 Wkh edfnzdug lqgxfwlrq sdudgr{
lv uhvroyhg ehfdxvh lq wkh odvw wudglqj shulrgv djhqwv zloo lqghhg dffhsw prqh| lq h{0
fkdqjh iru jrrgv lq rughu wr sd| edfn wkhlu edqn ordqv1 +Vhh dovr Gxeh|Jhdqdnrsorv
+4<<5/ 5334, iru d surri wkdw prqh| kdv srvlwlyh ydoxh lq d rqh0shulrg prgho1,
Zh glvwlqjxlvk rxu prgho iurp wkh Ohuqhu prgho1 Lq Ohuqhu*v prgho +4<7:, prqh|
kdv srvlwlyh ydoxh ehfdxvh lw lv dvvxphg wkdw wkh vwrfn ri sulydwh dw prqh| lv htxdo
wr wkh wrwdo ri +h{rjhqrxvo| vshflhg, wd{ ghewv1 +Vhh/ iru h{dpsoh/ EdodvnrVkhoo
+4<;6, iru d irupdo yhuvlrq1, Lq frqwudvw/ lq rxu prgho wkh sulydwh hqgrzphqwv ri
prqh| fruuhvsrqg wr rxwvlgh prqh|  wkh| duh dffrpsdqlhg e| qr rvhwwlqj ghewv1
Pruhryhu wkhuh lv qr d sulrul orfn vwhs ehwzhhq prqh| hqgrzphqwv dqg wd{hv1 +Lqghhg
rxu prgho kdv qr wd{hv/ exw wkh| frxog hdvlo| eh dgghg lq dq| txdqwlw| zklfk grhv qrw
h{fhhg wkh sulydwh vwrfn ri prqh|1 H{lvwhqfh ri htxloleulxp zrxog uhpdlq xqdhfwhg1
Iru rxu wuhdwphqw ri wd{hv lq d rqh0shulrg prgho/ vhh Gxeh|Jhdqdnrsorv/ 53341,
Wkh vhfrqg uhdvrq zk| wkh xqlyhuvdo h{lvwhqfh ri prqhwdu| htxloleulxp lv vxu0
sulvlqj lv wkdw wkh srwhqwldo vdohv dqg sxufkdvhv ri dvvhwv duh xqerxqghg/ dqg khqfh
wkh dfwlrq vsdfh lv qrw frpsdfw1 Lq wkh prgho ri jhqhudo htxloleulxp zlwk lqfrp0
sohwh pdunhwv +JHL, wklv doorzv iru wkh qrqh{lvwhqfh ri htxloleulxp/ dv Kduw +4<:8,
kdv vkrzq1 Wkh phwkrg ri dqdo|vlv iru JHL vxjjhvwhg e| Udgqhu +4<:5, surfhhgv e|
srvwxodwlqj d sulrul lqglylgxdo erxqgv rq wkh dprxqw ri vdohv dqg sxufkdvhv ri dvvhwv1
E| wklv dg krf frpsdfwlfdwlrq ri wkh fkrlfh vsdfh/ h{lvwhqfh ri JHL htxloleulxp lv
jxdudqwhhg1 Kduw*v h{dpsoh ghprqvwudwhg wkdw qr pdwwhu krz idu wkh erxqgv duh
uhod{hg/ wkh| vwloo uhpdlq elqglqj1 Dw ohdvw rqh djhqw zloo jr yhu| orqj lq vrph dvvhwv/
dqg yhu| vkruw lq rwkhuv1 Vlqfh wkh prqh| sd|rv ri wkh dvvhwv duh qrw qhfhvvdulo|
olqhduo| lqghshqghqw +uhfdoo wkh| pd| ghshqg rq vsrw sulfhv,/ wkh djhqwv* qhw uhfhlswv
+uhfhlswv plqxv gholyhulhv, pd| vwloo eh erxqghg lq hyhu| vwdwh/ vr qr frqwudglfwlrq
uhvxowv1
Rxu phwkrg ri surri surfhhgv lq d vlplodu idvklrq= zh vwduw e| sxwwlqj erxqgv
4@% rq dvvhw wudghv1 Zh dovr dvvxph wkdw dq h{whuqdo djhqw sxwv xs % xqlwv ri 
rq hyhu| pdunhw v1 Xvlqj d vwdqgdug {hg srlqw dujxphqw/ zh rewdlq dq %0PH1
Dv % $ 3/ zh vkrz wkdw sulfhv srkq vwd| erxqghg/ rwkhuzlvh wkh Jdlqv wr Wudgh
K|srwkhvlv lv ylrodwhg1 Dv lpsruwdqwo|/ zh dovr qg wkdw wkh dvvhw vdohv frqvwudlqwv
duh qr orqjhu elqglqj1 Khqfh wkh| fdq eh gursshg dowrjhwkhu1 Wklv krogv qr pdwwhu
zkhwkhu wkh dvvhwv duh uhdo ru qrplqdo ru pl{hg1
Wudghv duh qdwxudoo| erxqghg iru dvvhwv wkdw gr qrw kdyh qhwwlqj1 Wklv lv vr hyhq
wkrxjk zh doorz vxfk dvvhwv wr wudgh djdlqvw hdfk rwkhu1 Wkh srlqw lv wkdw djhqwv zkr
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vrog vxfk dvvhwv zrxog eh fdoohg xsrq wr rewdlq prqh| iru gholyhulhv/ dqg wkdw zrxog
eulqj suhvvxuh rq ixwxuh lqwhuhvw udwhv/ jlyhq wkdw wkh vwrfn ri prqh| lq hdfk vwdwh
v 5 V lv {hg/ sxwwlqj d eudnh rq dvvhw vdohv1 +Vhh wkh surriv iru ixuwkhu ghwdlov1,
Qh{w/ frqvlghu dvvhwv wkdw duh qhwwhg1 Wkhlu sxufkdvhv uhtxluh prqh| ru frpprgl0
wlhv lq dgydqfh1 Wkrxjk gholyhulhv duh qhwwhg/ sxufkdvhv dqg vdohv duh qrw qhwwhg1 Li
dq| dvvhw sulfh lv erxqghg dzd| iurp }hur/ wkhq reylrxvo| wkh dvvhw wudghv fdqqrw
jurz odujh/ ehfdxvh wkh vwrfn ri frpprglwlhv MM hf ru prqh| Pf . P7f . MM pf
dw shulrg 3 lv {hg1 Uhdo dvvhw sulfhv pxvw lqghhg vwd| erxqghg dzd| iurp }hur/ rwk0
huzlvh +dv lq wkh Sljrx hhfw, wkh djhqwv zlwk sulydwh hqgrzphqwv ri frpprglwlhv
ru prqh| zloo/ zlwk rqh glph/ eh deoh wr ex| d kxjh dprxqw ri uhdo jrrgv yld wkh
dvvhw/ frqwudglfwlqj pdunhw fohdulqj dw wkh dvvhw0frqvwudlqhg htxloleulxp1 Li dq dvvhw
lv qrplqdo/ dqg lwv sulfh jrhv wr }hur/ frpprglw| sulfhv lq wkh vwdwhv lq zklfk wkh
dvvhw gholyhuv pxvw doo jr wr lqqlw|1 Zh vkdoo vkrz wkdw wklv lq wxuq frqwudglfwv wkh
Jdlqv wr Wudgh K|srwkhvlv1

4414

Wkh Fdvkohvv Hfrqrp|

Wkh vhw [r frqwdlqv doo wkh doorfdwlrqv zklfk frxog eh dfklhyhg li prqh| zhuh ydoxhohvv
lq vwdwh v/ vlqfh zh kdyh dvvxphg wkdw frpprglwlhv gr qrw wudgh gluhfwo| djdlqvw
hdfk rwkhu dqg wkdw dvvhwv gholyhu rqo| lq prqh|1 Exw li vrph frpprglwlhv glg wudgh
gluhfwo|/ ru li vrph dvvhwv gluhfwo| gholyhuhg frpprglwlhv/ wkhq wkh vhw [r zrxog kdyh
wr eh hqkdqfhg wr uh hfw wkh h{wud dfwlylw| ri wkh fdvkohvv hfrqrp|1 Wkxv zlwk pruh
pdunhw olqnv/ rxu h{lvwhqfh wkhruhp krogv surylghg wkh jdlqv wr wudgh k|srwkhvlv
lv pdlqwdlqhg rq d sursruwlrqdwho| odujhu grpdlq1 Lqghhg li doo frpprglwlhv zhuh
gluhfwo| olqnhg/ wkhq wkh grpdlq zrxog eh doo0lqfoxvlyh/ dqg prqh| zrxog kdyh qr
ydoxh/ l1h1/ PH zrxog qrw h{lvw1
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Wkh Ghpdqg iru Prqh|/ wkh Whup Vwuxfwxuh
ri Lqwhuhvw Udwhv/ dqg wkh Jryhuqphqw Exgjhw

Prqh| kdv ehhq fdoohg wkh juhdvh wkdw wxuqv wkh zkhhov ri frpphufh1 Wklv fdq eh
vhhq lq Wkhruhp 4= zkhq wkhuh lv hqrxjk edqn prqh|/ wkh rxwvlgh0lqvlgh prqh|
udwlrv duh orz/ wkh Jdlqv ri Wudgh K|srwkhvlv lv hdvlo| vdwlvhg/ dqg frqvhtxhqwo|
htxloleulxp h{lvwv1
Rxu prgho jlyhv d ixoo| jhqhudo htxloleulxp dssurdfk wr prqh|1 Prqh| kdv wzr
sulfhv= wkh lqwhuhvw udwh fkdujhg iru eruurzlqj lw +ru/ pruh jhqhudoo|/ wkh lqyhuvh ri
dvvhw sulfhv,/ dqg wkh lqyhuvh ri wkh prqh| sulfhv ri frpprglwlhv1 Wkhvh sulfhv duh
ghwhuplqhg e| wkh ghpdqg iru prqh|/ zklfk lq wxuq dulvhv iurp wkh lqwhusod| ri pdq|
idfwruv1
Iluvw wkhuh lv d wudqvdfwlrqv ghpdqg iru prqh|= frqvxphuv qhhg prqh| wr ex|
jrrgv/ dqg surgxfhuv wr ex| lqsxwv1 Lq shulrg 3 rwkhu prwlydwlrqv dovr hqwhu wkh
slfwxuh1
Wkhuh lv d suhfdxwlrqdu| ghpdqg iru prqh|1 Li lqwhuhvw udwhv ur ehfrph yhu| kljk
lq vrph ixwxuh vwdwh v 5 V/ wkhq djhqwv zloo wu| wr dftxluh prqh| lq dgydqfh lq shulrg
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31 Hlwkhu wkh| zloo eruurz pruh rq P7f / ru hovh wu| wr vhoo jrrgv dw shulrg 3 iru prqh|1
Exw wklv odwwhu srolf| whqgv wr uhgxfh wkh sulfh ri jrrgv dw shulrg 31 Wklv lq wxuq
prwlydwhv djhqwv wr eruurz ixuwkhu rq P7f wr ex| jrrgv lq shulrg 3/ vlqfh wkhvh ordqv
qhhg qrw eh uhsdlg xqwlo diwhu wkh vdohv ri uhodwlyho| h{shqvlyh jrrgv lq shulrg 41
Wkhuh lv dovr d vshfxodwlyh ghpdqg iru prqh|1 Lqyhqwru|lqj prqh| +rewdlqhg yld
edqn ordqv ru wkh vdoh ri frpprglwlhv dqg dvvhwv, iurp shulrg 3 lqwr 4/ lv wdqwdprxqw
wr kroglqj dq lpsolflw dvvhw zklfk frpshwhv lq htxloleulxp zlwk rwkhu dvvhwv1 Dv wkh
lpsolflw dvvhw ehfrphv pruh dwwudfwlyh/ wkh vshfxodwlyh ghpdqg iru prqh| ulvhv1
Ilqdoo|/ wkhuh lv dq lq dwlrq ghpdqg iru prqh| P7f 1 Li sulfhv lq shulrg 4 duh yhu|
kljk/ dv wkh| olnho| zrxog eh li doo Pr zhuh yhu| kljk/ wkhq djhqwv frxog eruurz rq
P7f / sxufkdvh jrrgv dw wlph 3/ wkhq vhoo h{shqvlyh jrrgv dw wlph 4 wr uhsd| wkhlu
ordqv1 Wklv zrxog gulyh xs u7f 1
Rxu prgho jlyhv vfrsh iru wkh ixoo lqwhusod| ri doo wkhvh idfwruv dqg wkxv lq sulqflsoh
lw fdq hqfrpsdvv d qxpehu ri prqhwdu| wkhrulhv1 Vshfldo dvvxpswlrqv zrxog eh
qhhghg wr ghulyh vwuxfwxudo uhvxowv1 Exw hyhq dw rxu fxuuhqw ohyho ri jhqhudolw|/ zh
qrwlfh d ihz lqwhuhvwlqj idfwv1
Wkhruhp 51 Dw dq| PH +l, ur  3/ ;v 5 V W / +ll, +4 . u7f ,  plqrS
M7 +4 . uf ,+4 . ur ,/
zlwk vwulfw lqhtxdolw| xqohvv doo ur / v 5 V/ duh wkh vdph/ +lll, uf  MM pf @Pf dqg


ur 
Sr +p>SP, ;v 5 V/ +ly, Pf uf . P7f u7f . Pr ur @ MM ^pf . pr `/ ;v 5 V/ dqg +y,
li
MM
rM7 W pr A 3 wkhq u7f A 31
Wkh prvw vljqlfdqw ri wkhvh frqfoxvlrqv lv hperglhg lq htxdolw| +ly,1 Rq lwv ohiw/
zh kdyh wkh lqwhuhvw uhyhqxh ri wkh jryhuqphqw/ dqg rq wkh uljkw lwv vfdo h{shqglwxuhv
+e| zd| ri jliwv ri pr wr djhqwv,1 Wkxv wklv htxdwlrq dvvhuwv wkdw wkh jryhuqphqw lv
edodqflqj lwv exgjhw ryhu wkh orqj uxq1 Qrwh/ krzhyhu/ wkdw lw lv wkh pdunhw irufhv
wkdw dgmxvw lqwhuhvw udwhv wr pdnh wklv vr1 Wkh jryhuqphqw lv qrw frqvwudlqhg43 lq lwv
lvvxh ri Pr > pr 1
Zh dovr vhh wkdw dowkrxjk wkhuh duh V . 5 lqwhuhvw udwhv/ wkhuh duh rqo| 5 ghjuhhv
ri iuhhgrp1 Vwloo wkhvh wzr ghjuhhv ri iuhhgrp duh hqrxjk wr ohdyh wkh whup vwuxfwxuh
ri lqwhuhvw udwhv dw shulrg 3 hqgrjhqrxvo| ghwhuplqhg lq htxloleulxp dqg vxemhfw wr
wkh hhfw ri srolf|1
Lq d frpsdqlrq sdshu +Gxeh|Jhdqdnrsorv/ 4<<7, zh suryh wkdw htxloleulxp lv
jhqhulfdoo| ghwhuplqdwh/ vr wkdw wkh irufhv ri vxsso| dqg ghpdqg ghwhuplqh wkh whup
vwuxfwxuh ri lqwhuhvw udwhv/ rqfh wkh jryhuqphqw frpplwv wr +P? ,?M 1 Zh dovr vkrz
wkdw prqh| lv qrw qhxwudo= e| fkdqjlqj wkh +P? ,?M / wkh fhqwudo edqn fdq lqgxfh
uhdo hhfwv lq surgxfwlrq dqg frqvxpswlrq1
Li zh kdg uhsodfhg rxu wzr0shulrg prgho zlwk d wuhh ri gdwh0hyhqwv/ zlwk W whu0
plqdo qrghv/ wkhq wkh ghjuhhv ri iuhhgrp zrxog eh wkh wrwdo qxpehu ri ordqv plqxv
W1
Lqhtxdolwlhv +lll, frqup wkdw wkh lqwhuhvw udwhv zloo qhyhu h{fhhg wkh pd{lpdo
43
Wklv lv wr eh frqwudvwhg zlwk rwkhu prghov/ vxfk dv Ohuqhu +4<7:,/ lq zklfk wd{hv duh phfkdqlfdoo|
pdwfkhg wr jryhuqphqw h{shqglwxuhv/ ryhuorrnlqj wkh idfw wkdw wkh Wuhdvxu| fdq eruurz iurp wkh
Ihghudo Uhvhuyh1
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rxwvlgh0lqvlgh prqh| udwlrv1 Lqhtxdolw| +ll, lv d qr0duelwudjh frqglwlrq1 Frpelqlqj
+ll, dqg +ly, |lhogv +y,1
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Lqwhuhvw Udwhv dv Edqn Srolf|

Vr idu wkh fhqwudo edqn zdv frpplwwhg wr txdqwlwlhv ri prqh| P7f > Pf > P > ===> P7 /
ohdylqj lqwhuhvw udwhv wr irup hqgrjhqrxvo| lq htxloleulxp wr fohdu wkh ordq pdu0
nhwv1 Zh frxog uhyhuvh wklv vfhqdulr/ dqg lpdjlqh wkdw wkh edqn {hv lqwhuhvw udwhv
u7f > uf > u > ===> u7 / dqg vwdqgv uhdg| wr ex| ru vhoo edqn erqgv lq rughu wr fohdu wkh
ordq pdunhwv1 Lq rwkhu zrugv/ lw pxvw fkrrvh hlwkhu Tr6?  P? A 3 dqg Tr?6 @
Tr?6 A 3/ ru Tr6? @ Tr?6 @ 3/ ghshqglqj rq zkhwkhu
3/ ru Tr6?
S @ 3 dqg S
 / ru wkh uhyhuvh vwulfw lqhtxdolw| krogv/ ru htxdolw|
? MM tr?6
+4 . u? , MM tr6?
krogv1
Wkhruhp 61 Il{ srvlwlyh lqwhuhvw udwhv/ u? A 3 ;q 5 Q/ zklfk vdwlvi| wkh qr
duelwudjh frqglwlrq +ll, ri Wkhruhp 51 Vxssrvh  r +{, A ur iru doo { 5 [r dqg
v 5 V1 Wkhq <Tr6?  P?  3/ Tr?6  3 +doo rwkhu Trkq @ 3, vxfk wkdw H @
 kdv dq PH zkrvh lqwhuhvw udwhv duh htxdo wr
++x > h >  > p ,MM > +D , Ma > P> T> M,
+u7f > uf > u > ===> u7 ,1
Wkh htxloleuld ri Wkhruhpv 4 dqg 6 ryhuods/ exw duh qrw lghqwlfdo1 Li dq PH ri
Wkhruhp 4 kdv ur A 3/ ;v 5 V W / wkhq vhwwlqj wkrvh lqwhuhvw udwhv dv h{rjhqrxv lq
Wkhruhp 6/ zh uhfryhu wkh lqvlgh vwrfnv P? @ Tr6? / Tr?6 @ 3/ dv hqgrjhqrxv1
Frqyhuvho|/ li dq PH ri Wkhruhp 6 fruuhvsrqglqj wr lqwhuhvw udwhv +u7f > uf > u > ===> u7 ,
kdv P? @ Tr6? A 3 dqg Tr?6 @ 3 ;q 5 Q/ wkhq vhwwlqj wklv T dv h{rjhqrxv lq
Wkhruhp 4/ zh uhfryhu wkh lqwhuhvw udwhv1
Exw wkhuh pljkw eh dq PH lq Wkhruhp 4 zlwk ur @ 3 iru vrph v 5 V W zklfk
lv qrw fryhuhg e| Wkhruhp 61 Vlploduo| wkhuh pljkw eh PH lq Wkhruhp 6 zlwk wkh
edqnlqj vhfwru vhoolqj vrph edqn erqgv +lqvwhdg ri ex|lqj wkhp,/ l1h1/ Tr?6 A 3 iru
vrph q 5 Q/ zklfk lv qrw fryhuhg e| Wkhruhp 41
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PH yv1 JHL

S
PH dozd|v h{lvw zkhq MM pf A 3/ li wkh Jdlqv wr Wudgh K|srwkhvlv krogv1 \hw
JHL gr qrw1 Zkdw suhflvho| lv wkhlu frqqhfwlrqB Zh ehjlq e| uhfdoolqj wkh irupdo
ghqlwlrq ri JHL iru wkh xqghuo|lqj hfrqrp| H @ ++x > h ,MM > D,1 Iru vlpsolflw|
W
doo  @ i3j1 Ohw s 5 U7nnfu ghqrwh frpprglw| sulfhv/  5 Uann ghqrwh dvvhw sulfhv/
dqg * 5 Ua ghqrwh dvvhw wudghv1 Dv xvxdo/ { uhihuv wr frqvxpswlrq1
Ghqlwlrq1 +s> > +{ > * ,MM , lv d JHL iru H li
+4,
+5,



MM { @ MM h

MM * @ 3
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W

7 fu  Ua = s  +{  h , .   *  3 dqg
+6, +{ > * , 5 E  +s> ,  i+{> *, 5 Un
f f f
sr  +{r  hr ,   Ma ^ Mu sr Dr . Dr6 `* > ;v 5 Vj

+7, +{> *, 5 E  +s> , , x +{,  x +{ ,=

Frqvlghu qrz wkh prqhwdu| hfrqrp| H ghulyhg iurp wkh xqghuo|lqj JHL hfrqrp|
H e| vxssrvlqj wkdw P frqvlvwv ri doo prqh|0frpprglw| dqg prqh|0dvvhw pdunhwv/
zlwk doo dvvhw gholyhulhv qhwwhg1 Fdoo H wkh vkruw ordq prgho li wkh orqj ordq pdunhw
lv plvvlqj/ dqg fdqrqlfdo li lw lv qrw1
Frpsduhg wr dq PH/ wkh JHL ljqruhv doo prqhwdu| skhqrphqd1 Doo wudghv/ gh0
olyhulhv/ hwf1 duh surfhvvhg e| rqh jldqw fohdulqj krxvh1 Uhfhlswv iurp vdohv dw dq|
pdunhw duh dydlodeoh iru vlpxowdqhrxv sxufkdvhv dw rwkhu pdunhwv1
Wkhruhp 71 Vxssrvh MM pr @ 3 iru doo v 5 V W +l1h1/ wkhuh lv qr sulydwh hqgrz0
phqw ri prqh|,1 Wkhq/ lq wkh vkruw0ordq prgho/ wkh PH ri H duh wkh JHL ri H1
Vlploduo|/ li rqh ri wkh dvvhwv m lv wkh ulvnohvv qrplqdo dvvhw/ wkhq lq wkh fdqrqlfdo
prgho/ PH duh JHL1 Ilqdoo|/ vxssrvh lq dgglwlrq wkdw doo dvvhwv lq M duh uhdo ru
qrplqdo/ exw qhyhu pl{hg1 Wkhq lq wkh vkruw ordq dqg fdqrqlfdo prghov/ JHL duh
dovr PH lq uhodwlyh sulfhv dqg qdo frqvxpswlrq1
Rxu PH prgho wkxv lqfoxghv JHL dv d vshfldo +olplwlqj, fdvh1
S
Frqvlghu d {hg xqghuo|lqj hfrqrp| H/ dqg {hg pr zlwk MM pr A 3 iru doo
v 5 V1 Qrz/ ohw P? $ 4 iru doo q 5 Q1 Zkdw fdq eh vdlg derxw wkh olplwB Zlwk
wkh sulydwh prqh| srvlwlyh/ vrph lqwhuhvw udwhv pxvw eh srvlwlyh +e| Wkhruhp 5+ly,,1
Zlwk lqwhuhvw udwhv srvlwlyh/ doo wkh edqn prqh| pxvw eh vshqw1 +Zk| eruurz dw
srvlwlyh lqwhuhvw/ li qrw wr vshqgB, Wkxv dw ohdvw vrph sulfhv pxvw jr wr lqqlw|1
Zh vd| wkdw wkh vhtxhqfh ri PH +s+q,> +t+q,> {+q,, frqyhujhv li {+q, $ {/ dqg
s+q,@ns+q,n dqg t+q,@nt+q,n frqyhujh +zkhuh n}n   m} m,1 Zh zrxog h{shfw wkh
qrupdol}hg PH wr frqyhujh wr d JHL1 Lq wkh qxphudluh dvvhw fdvh wkh| gr1
Fruroodu|1 Vxssrvh wkhuh lv c 5 O vxfk wkdw doo dvvhwv gholyhu h{foxvlyho| lq c1
Vxssrvh wkdw wkh yhfwruv +Dr ,rM7 / iru m 5 M/ duh olqhduo| lqghshqghqw1 Il{ prgho
+H> ipr j, zlwk MM pr A 3> iru doo v 5 V1 Dovr dvvxph wkdw/ iru v 5 V/ qr doorfdwlrq
lq [r lv Sduhwr0rswlpdo lq vwdwh v1 Frqvlghu wkh vkruw0ordq prqhwdu| hfrqrp| exlow
rq H1 Ohw Pr $ 4 ;v 5 V W 1 Wdnh d vhtxhqfh ri PH/ rqh iru hdfk yhfwru +Pr ,rM7 W 1
Wkhq dq| frqyhujhqw vxevhtxhqfh ri wkh PH kdv d JHL ri H dv d olplw1
Wkh Fruroodu| wr Wkhruhp 7/ wrjhwkhu zlwk rxu h{lvwhqfh wkhruhp/ jlyhv dq do0
whuqdwlyh surri ri wkh h{lvwhqfh ri JHL zkhq dvvhw sd|rv duh lq d vlqjoh qxphudluh
jrrg1
Exw zkdw kdsshqv zkhq wkhuh lv qr JHLB

4:
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Oltxlglw| Wuds

Wkh rog idvklrqhg htxloleulxp wkhru|/ djdlqvw zklfk Nh|qhv lqyhljkhg/ khog wkdw prq0
hwdu| srolf| lv lqhhfwlyh/ vlqfh frpprglw| sulfhv dgmxvw wr fkdqjhv lq prqh| vxsso|
lq vxfk d zd| wkdw uhdo pdjqlwxghv duh xqdhfwhg1 Nh|qhv/ krzhyhu/ ghhpskdvl}hg
wkh uhvsrqvh ri sulfhv wr fkdqjhv lq wkh vwrfn ri prqh|1 Dffruglqjo|/ kh frqfoxghv
wkdw wkh rwkhu sulfh ri prqh|/ qdpho| wkh prqh| udwh ri lqwhuhvw/ zrxog qrupdoo| gr
wkh dgmxvwlqj wr fkdqjhv lq prqh| vxsso|1 Nh|qhv eholhyhg/ wkhuhiruh/ wkdw lqfuhdvhv
lq wkh vwrfn ri prqh| w|slfdoo| orzhu lqwhuhvw udwhv dqg wkhuhe| vwlpxodwh lqyhvwphqw1
Exw Nh|qhv dfnqrzohgjhg wkdw wkhuh zdv dq lpsruwdqw srvvlelolw| wkdw prqhwdu|
srolf| zrxog dhfw qhlwkhu wkh frpprglw| sulfh ohyho/ qru wkh lqwhuhvw udwhv1 Frq0
vxphuv pljkw vlpso| krog lqfuhdvhv lq wkh vwrfn ri prqh| lq wkhlu sruwirolrv dv h{wud
uhdo prqh| edodqfhv1 Kh fdoohg vxfk d vlwxdwlrq wkh oltxlglw| wuds1 Klv h{sodqdwlrq
zdv wkdw zkhq wkh lqwhuhvw udwhv duh vx!flhqwo| orz/ frqvxphuv h{shfwhg wkhp wr jr
xs1 Dv d uhvxow wkh| duh ordwk wr sxw dq| ri wkhlu prqh| lqwr dvvhwv olnh erqgv zklfk
vxhu orvvhv lq ydoxh zkhq lqwhuhvw udwhv ulvh1 Uhdo prqh| edodqfhv devrue doo wkh
h{wud lqvlgh prqh|1 Qhhgohvv wr vd|/ wklv h{sodqdwlrq ghshqgv rq wkh luudwlrqdolw|
ri lqyhvwru h{shfwdwlrqv1 +Erqg sulfhv vkrxog douhdg| uh hfw h{shfwdwlrqv ri ixwxuh
lqwhuhvw udwhv1,
Diwhu Nh|qhv d orqj vhulhv ri dxwkruv frpphqwhg rq wkh luudwlrqdolw| ri eholhiv
dvvxphg e| Nh|qhv/ dqg vrxjkw rwkhu zd|v wr irupdol}h wkh oltxlglw| wuds1 +Vhh
JudqgprqwOdurtxh +4<:6,/ Krro +4<:9,/ Wrelq +4<94,/ dprqj rwkhuv1,
Frqvlghu djdlq wkh wkrxjkw h{shulphqw ri Vhfwlrq 47/ lq zklfk doo wkh P? jr wr
lqqlw|/ zlwk pf {hg dqg pr @ 3 ;k 5 K dqg v 5 V1 Exw wklv wlph vxssrvh wkh
xqghuo|lqj hfrqrp| kdv qr JHL1 Rqh pljkw h{shfw wkdw lqfuhdvhv lq wkh vwrfn ri
edqn prqh| zrxog ohdg wr sursruwlrqdo lqfuhdvhv lq sulfhv/ vlqfh +e| Wkhruhp 5+ly,,
vrph lqwhuhvw udwhv pxvw eh srvlwlyh dqg doo wkh fruuhvsrqglqj edqn prqh| pxvw eh
vshqw1 Exw wklv grhv qrw kdsshq1 Djhqwv krog doo wkh h{wud uhdo prqh| edodqfhv/ dqg
prqhwdu| srolf| lv lqhhfwlyh1
Dv wkh vwrfn ri edqn prqh| lv lqfuhdvhg/ djhqwv eruurz dqg vshqg doprvw doo ri
wkh h{wud prqh| rq ex|lqj dvvhwv1 Wkh| ghiud| wkhvh ordqv e| vhoolqj rwkhu dvvhwv144
Vlqfh wkhuh lv qhduo| qr h{wud dfwlylw| rq wkh frpprglw| pdunhwv/ frpprglw| sulfhv
uhpdlq uhodwlyho| vwdeoh1 Dw wkh lqglylgxdo ohyho wkhuh lv wuhphqgrxv h{wud dfwlylw|
rq wkh dvvhw pdunhwv1 Exw dw wkh djjuhjdwh ohyho wkhuh lv doprvw qr qhz qhw dfwlylw|
rq wkh dvvhw pdunhwv1 Iurp dq djjuhjdwh srlqw ri ylhz/ qrwklqj pxfk kdsshqv zkhq
prqhwdu| vwrfnv duh lqfuhdvhg h{fhsw wkdw odujhu uhdo prqh| edodqfhv duh lqyhqwrulhg
iurp shulrg 3 wr shulrg 41
Wkh uhdvrq djhqwv vshqg wkh h{wud eruurzhg prqh| ex|lqj dvvhwv lv wkdw/ lq
wkh vlwxdwlrq srvlwhg lq Wkhruhp 8/ dvvhwv duh lqfrpsohwh dqg wkhlu sd|rv glhu
rqo| voljkwo|1 E| ex|lqj dqg vhoolqj qhduo| lghqwlfdo dvvhwv lq odujh txdqwlwlhv/ lw lv
srvvleoh wr fuhdwh qhw sd|rv zklfk duh yhu| glhuhqw iurp wkh ruljlqdo dvvhwv1 Li wkhvh
v|qwkhwlf sd|rv duh qrw gluhfwo| dydlodeoh wkurxjk vrph dvvhw/ dqg li wkhvh sd|rv
44
Uhfdoo wkdw doo dvvhw vdohv duh/ e| ghqlwlrq/ vkruw vdohv> dqg wkhuh lv qr d sulrul olplw rq wkhlu
pdjqlwxgh1

4;

fdq eh xvhg wr lqvxuh kroghuv djdlqvw vrph ulvn wkdw lv lpsruwdqw/ wkhq wkh djhqwv
zloo lq idfw udwlrqdoo| rshudwh rq eljjhu dqg eljjhu vfdohv lq wkh dvvhw pdunhwv1 Wklv
lv wkh uhdvrq JHL idlov wr h{lvw1
Wkh suhflvh vfhqdulr ghvfulehg lq Wkhruhp 8 lv h{wuhph dqg qrqjhqhulf1 Li dvvhw
sd|rv zhuh voljkwo| glhuhqw/ wkhq JHL zrxog h{lvw> dqg dv Pr $ 4/ hyhqwxdoo| wkh
dfwlylw| rq dvvhw pdunhwv zrxog eh duuhvwhg/ dqg prqh| zrxog ehjlq wr rz edfn
wr frpprglw| pdunhwv1 Iurp wklv wxuqlqj srlqw rqzdug/ sulfh ohyhov zrxog vwduw
wr lqfuhdvh dw wkh vdph udwh dv Pr dqg uhdo prqh| edodqfhv zrxog whqg wr d qlwh
olplw1 Exw li wkh xqghuo|lqj JHL hfrqrp| zhuh forvh wr d JHL hfrqrp| zklfk kdg
qr htxloleulxp/ wkhq wklv wxuqlqj srlqw zrxog eh uhdfkhg iru odujh Pr / vr zh zrxog
vwloo jhw d urexvw oltxlglw| wuds/ wkrxjk qrw wkh erwwrpohvv wuds ri Wkhruhp 81
D oltxlglw| wuds lv d vljq ri lqh!flhqf|1 Wkh v|qwkhwlf dvvhw/ wkdw lv fuhdwhg e|
frpelqlqj kxjh sxufkdvhv dqg vdohv ri qhduo| lghqwlfdo dvvhwv/ frvwv ex|huv pxfk
pruh +diwhu fdofxodwlqj lqwhuhvw eruurzlqj frvwv, wkdq vhoohuv uhfhlyh1 Wudgh lq wklv
v|qwkhwlf vhfxulw| lv wkhuhiruh lqh!flhqw/ dqg wkh ulvn lw uhsuhvhqwv lv qrw dv frpsohwho|
khgjhg dv lw frxog eh li wkh v|qwkhwlf dvvhw sd|rv zhuh gluhfwo| pdunhwhg1
Wkxv rxu oltxlglw| wuds dulvhv gluhfwo| dv d frqvhtxhqfh ri wkh lqfrpsohwhqhvv ri
dvvhwv1 Li qrwklqj hovh/ rxu oltxlglw| wuds surylghv dq lqwhuhvwlqj lqwhusuhwdwlrq ri wkh
euhdngrzq ri JHL1 Uhfdoo wkdw Kduw +4<:8, frqvwuxfwhg dq h{dpsoh ri dq xqghuo|lqj
hfrqrp| zlwk uhdo dvvhwv +Dr6 @ 3 ;v 5 V, wkdw kdv qr JHL1 +Qdwxudoo| wkh dvvhwv
frxog qrw eh qxphudluh/ rwkhuzlvh zh zrxog frqwudglfw wkh Fruroodu| wr Wkhruhp
71, Wkh vdph nlqg ri frxqwhuh{dpsoh frxog eh fuhdwhg hyhq li wkhuh zdv rqh ulvnohvv
qrplqdo dvvhw1
Wkhruhp 81 +d, Frqvlghu d vkruw ordq prgho zlwk uhdo dvvhwv1 Vxssrvh wkh xqghu0
o|lqj hfrqrp| kdv qr JHL1 Wkhq dv P @ +Pf > P > = = = > P7 , $ 4> Pf @nsfu6 n $ 4/
dqg dvvhw wudghv $ 41
+e, Vlploduo|/ frqvlghu d fdqrqlfdo prgho1 Vxssrvh wkdw wkh xqghuo|lqj hfrqrp|/ diwhu
dgglqj d ulvnohvv qdqfldo dvvhw wr lw/ kdv qr JHL1 Wkhq dv P  @ +P7f > Pf > P > = = = > P7 ,
$ 4 lq d uhodwlyho| erxqghg pdqqhu/45 P7f @nsfu6 n $ 4 dqg dvvhw wudghv $ 41
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Olplwhg Pdunhw Dffhvv dqg Lqwhuwhpsrudo Jdlqv wr
Wudgh= Wkh Fdvh iru ]hur Vkruw0whup Lqwhuhvw Udwhv

Wkhruhp 6 jxdudqwhhv wkh h{lvwhqfh ri PH iru duelwudu| lqwhuhvw udwhv u? A 31 Rqh
zrqghuv li wkhuh duh uhjlphv lq zklfk doo wkh vkruw0whup lqwhuhvw udwhv fdq eh vhw
wr }hur/ zlwkrxw mhrsdugl}lqj wkh h{lvwhqfh ri dq PH1 Lq wklv hyhqw/ wkh orqj0whup
lqwhuhvw udwh zloo kdyh wr prs xs doo ri wkh rxwvlgh prqh|/ dqg vr wkh ydoxh ri prqh|
zrxog ghulyh vroho| iurp wkh ghpdqg iru wkh orqj ordq1
Zh suhvhqw S
d vshfldo vfhqdulr/ zklfk
lv phdqw wr eh vxjjhvwlyh udwkhu wkdq jhq0
S

hudo1 Vxssrvh MM pf A 3 dqg MM pr @ 3 iru doo v 5 V1 Vxssrvh doo dvvhwv
gholyhu lq d qxphudluh frpprglw| +dv lq wkh Fruroodu| wr Wkhruhp 7,1 Lpdjlqh wkdw
45

L1h1/ wkh udwlrv ri doo frpsrqhqwv ri   uhpdlq erxqghg1

4<

pdunhwv duh qrw xqlyhuvdoo| rshq wr doo krxvhkrogv= wkhuh lv olplwhg pdunhw dffhvv1
+Rxu prgho frxog hdvlo| kdyh dffrpprgdwhg wklv dw wkh frvw ri pruh qrwdwlrq1, Lq
sduwlfxodu/ lpdjlqh wkhuh lv d krxvhkrog +d srru xqnqrzq hqwuhsuhqhxu, zkr lv h{0
wuhpho| surgxfwlyh +lqqlwh pdujlqdo surgxfwlylw| dw }hur ohyhov ri lqsxwv, exw kdv
}hur hqgrzphqw ri frpprglwlhv dqg qr dffhvv46 wr dvvhwv m 5 M1 Kh grhv/ krzhyhu/
kdyh dffhvv wr wkh orqj edqn ordq1 Dvvxph  r +{, A 3 iru doo { 5 [r dqg v 5 V1 Wkhq
dq PH h{lvwv zlwk u7f A 3 vhw duelwudulo| dqg doo ur / v 5 V W / vhw htxdo wr }hur1 Wr vhh
wklv/ frqvlghu wkh prgho ri S
Wkhruhp 4 zlwk h{rjhqrxv P? dqg hqgrjhqrxv u? 1 Il{
P7f wr hqvxuh wkdw u7f P7f @ MM pf 1 Ohw Pr @ P iru doo v 5 V W dqg ohw P $ 4
zlwk P7f {hg1 Wkhq iru odujh hqrxjk P/ PH h{lvwv/ dqg doo vkruw0whup lqwhuhvw udwhv
ur / v 5 V W / duh }hur1 +Iru wkh surri/ vhh Vhfwlrq 4;1,
Wkh srlqw lv wkdw wkh ydoxh ri prqh| fdq vrphwlphv eh vxvwdlqhg e| lqwhuwhpsrudo
jdlqv wr wudgh +hperglhg lq rxu h{dpsoh e| wkh hqwuhsuhqhxu,1 Wklv lv lpsruwdqw/
ehfdxvh zkhq doo wkh vkruw lqwhuhvw udwhv duh }hur/ wkh exgjhw vhw ehfrphv vlpsohu/
vlqfh wkh wlplqj ri hyhqwv zlwklq wkh shulrg qr orqjhu pdwwhuv1

4:

Wudqvdfwlrqv Frvwv

Zh fdq jhqhudol}h/ dqg dovr prwlydwh/ wkh qrwlrqv ri plvvlqj dvvhwv/ plvvlqj pdunhwv/
dqg olplwhg pdunhw dffhvv e| lqwurgxflqj wudqvdfwlrqv frvwv1 Wr hdfk v 5 V W L L
dqg djhqw k 5 K zh dvvrfldwh d vhw0xs frvw frkq  3 uhsuhvhqwlqj wkh {hg xwlolw|
 A 3 ri lqvwuxphqw  djdlqvw  lq vwdwh v1
frvw wr djhqw k ri vhoolqj dq| dprxqw trkq
+Qrwh wkdw sursruwlrqdo frvwv fdq eh vxevxphg e| rxu surgxfwlrq whfkqrorj| li zh
odeho jrrgv e| lqglylgxdov,1 Zh pljkw wklqn ri wkhvh frvwv dv eurnhu*v ihhv ru vhdufk
frvwv ru edujdlqlqj frvwv1
a
wkhq djhqw k lv hhfwlyho| h{foxghg iurp wkh pdunhw
Li zh wdnh frkq A x +Eh,/
v1 Vlploduo|/ li wklv lqhtxdolw| krogv iru doo k 5 K/ wkhq hhfwlyho| wkh pdunhw
v 5
@ P1 Ilqdoo|/ li wkh lqhtxdolw| krogv iru doo k 5 K dqg doo  5 L/ iru d jlyhq
 @ m/ wkhq dvvhw m lv hhfwlyho| plvvlqj1
Wkh suhvhqfh ri {hg wudqvdfwlrqv frvwv frpsolfdwhv rxu dqdo|vlv ehfdxvh lw lq0
yroyhv d fuxfldo qrqfrqyh{lw|1 Iru wklv uhdvrq zh rqo| lqirupdoo| uhsruw rq lw khuh1
Iru d ixoohu glvfxvvlrq/ vhh Gxeh|Jhdqdnrsorv +4<<9,1 Wkhuh zh vkrz wkdw li zh
uhsodfh rxu qlwh vhw ri djhqwv zlwk d qlwh0w|sh frqwlqxxp ri djhqwv/ wkhq PH vwloo
h{lvwv zlwk d srvlwlyh ydoxh ri prqh| surylghg wkh frvwv fr6q / frq6 duh qrw wrr elj/
a dqg wr f iru  9@ p dqg  9@ p1 +Ri frxuvh/ wkh PH pd| qrw
uhodwlyh wr x +Eh,
rkq
eh w|sh0v|pphwulf= glhuhqw djhqwv ri wkh vdph w|sh frxog eh wdnlqj glhuhqw +exw
lqglhuhqw$, dfwlrqv1,
Wkh suhvhqfh ri wudqvdfwlrqv frvwv lv lpsruwdqw lq dqg ri lwvhoi/ dqg qrw mxvw iru
prwlydwlqj plvvlqj pdunhwv1 Lqghhg/ dw lqwhuphgldwh ohyhov ri frvwv frkq / djhqw k zloo
qrw eh h{foxghg iurp vhoolqj  djdlqvw / exw rqo| glvfrxudjhg iurp vhoolqj lw riwhq
lq d vkruw shulrg ri wlph1 Iru h{dpsoh/ li fr6 lv kljk/ wkhq +lq rughu wr duudqjh
46

W|slfdoo|/ krxvhkrogv zlwk orz zhdowk +froodwhudo, dqg ylvlelolw| fdqqrw vhoo dvvhwv gluhfwo| wr wkh
sxeolf/ rqo| hvwdeolvkhg hqwlwlhv fdq1
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dq hyhq rz ri lqfrph ryhu wlph ru dfurvv glhuhqw vwdwhv ri qdwxuh, djhqw k zrxog
qrw zdqw wr ex| d odujh txdqwlw| ri dvvhw m dqg vhoo lw r slhfh e| slhfh1 Kh zrxog
suhihu wr qg dq dvvhw wkdw sdlg glylghqgv/ ru idlolqj wr qg wkdw/ kh zrxog suhihu
wr vhoo r odujh fkxqnv ri wkh dvvhw lqiuhtxhqwo|/ lqyhqwru|lqj wkh prqh| vr rewdlqhg
lq ehwzhhq vdohv wr fduu| rxw gd| wr gd| wudqvdfwlrqv +dvvxplqj fr6 orz,1 Wklv
lv suhflvho| wkh prwlydwlrq ehklqg wkh Edxpro +4<85, dqg Wrelq +4<89, prgho ri
wudqvdfwlrqv ghpdqg iru prqh|1

4;

Surriv

Surri ri Wkhruhp 41 Lw pd| khos wr ghvfuleh wkh rxwolqh ri wkh surri1 Iru hyhu|
% A 3 zh ghqh dq %0PH dqg vkrz wkdw lw h{lvwv1 Dq PH lv wkhq rewdlqhg dv d
olplw ri %0PH/ % $ 31
Dq %0PH pd| eh wkrxjkw ri dv d vwudwhjlf htxloleulxp ri d jhqhudol}hg jdph
0 1 Iluvw zh uhsodfh hdfk k 5 K e| d frqwlqxxp +k  4> k` ri lghqwlfdo sod|huv/ l1h1/
hdfk w lq wkh lqwhuydo +k  4> k` kdv wkh fkdudfwhulvwlfv
h| 
x| 

h
x =

Doo sod|huv lq +3> K` pryh dffruglqj wr wkh vwdjhv lq wkh exgjhw vhw/ dqg dw hdfk vwdjh
wkhlu pryhv duh vlpxowdqhrxv1 Dw dq| vwdjh wkh| fdq rqo| revhuyh sulfhv iruphg lq
wkh sdvw1 Wkhuh lv dq h{whuqdo djhqw zkr sxwv xs % xqlwv iru vdoh rq hdfk vlgh ri
hyhu| pdunhw1 Dovr/ kh ixoo| gholyhuv rq klv % vdoh ri dvvhwv1 Qrwh/ krzhyhu/ wkdw zh gr
qrw txlwh kdyh d fodvvlfdo jdph lq h{whqvlyh irup/ rq dffrxqw ri wkh idfw wkdw qr djhqw
fdq ghidxow147 Dq %0PH zloo fruuhvsrqg wr d w|sh0v|pphwulf vwudwhjlf htxloleulxp ri
wkh jhqhudol}hg jdph wkdw zh gr kdyh/ l1h1/ rqh lq zklfk doo sod|huv lq +k  4> k` xvh
wkh vdph vwudwhj|/ iru k 5 K1
Wkh h{whuqdo djhqw kdv wkh uroh ri d vwudwhjlf gxpp|/ l1h1/ kh lv rswlpl}lqj
qrwklqj/ dqg mxvw ehkdyhv dv ghvfulehg1
eh wkh dpelhqw Hxfolghdq vsdfh lq
Qrz zh ehjlq wkh surri irupdoo|148 Ohw
zklfk wkh fkrlfhv ri hdfk djhqw k olh1 Sxw +%, @ i  5 = 3    4@% iru hyhu|
frpsrqhqw lj/ dqg  +%, @ wkh K0irog Fduwhvldq surgxfw ri +%,1 Dovr ghqrwh D @
 @ pd{iPf . P7f . Pr . MM +p . pr , = v 5 Vj>
pd{i Mu Dr = m 5 M> v 5 Vj> P
f
 DmPm1

mPm> mMm @ fduglqdolw| ri wkhvh vhwv> i+%, @ %2 @5P
Jlyhq + > = = = >  M ,   5  +%,/ ghqh srkq +%> , iru v 5 P e|

%rqk . Trqk . MM trqk
srkq +%> , @

%rkq . Trkq . MM trkq
47

Wklv lv qrw d vhulrxv pdwwhu1 E| doorzlqj iru ghidxow dqg dgglqj ghidxow shqdowlhv/ zh zrxog
lqghhg hqg xs zlwk d surshu pdunhw jdph1 Wkhq/ wdnlqj wkh shqdowlhv wr eh vx!flhqwo| kduvk/ wkh
vwudwhjlf htxloleuld ri wkh jdph frlqflgh zlwk wkh htxloleuld ri rxu jhqhudol}hg jdph1 +Iru rxu jhqhudo
wuhdwphqw ri ghidxow/ vhh Gxeh|JhdqdnrsorvVkxeln +4<<<,1,
48
Zh uhplqg wkh uhdghu wkdw/ iru vlpsolflw| ri qrwdwlrq/ zh duh wdnlqj wkh jryhuqphqw*v dfwlrqv
'rkq ' f/ h{fhsw iru wkhlu vxssolhv ri edqn prqh| 'f67f 7f c 'r6r r iru r M 7 W 1
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zkhuh


i+%, li  5 M
%rkq @
=
%
rwkhuzlvh

Iru v 5
@ P/ vhw srkq +%> , @ 41
Lq jhqhudo zh qhhg qrw kdyh  5 RE0cj 1 Li lw wxuqv rxw wkdw k> s+%> ,l lv
frqvlvwhqw/ l1h1/ li  5 RE0cj iru doo k/ wkhq zh kdyh d sk|vlfdoo| frpsdwleoh
v|vwhp= wkh txdqwlwlhv ri dq| frpprglw| ru prqh| vhqw wr pdunhw e| dq| djhqw
fdqqrw h{fhhg zkdw kh kdv rq kdqg dw wkh wlph> qr djhqw ghidxowv rq dvvhw gholyhulhv
ru edqn ordqv> dqg/ e| rxu irupxodh iru srkq wkh pdunhw v dovr fohduv/ l1h1/ vhqgv
rxw zkdw lw uhfhlyhv +wdnlqj wkh h{whuqdo djhqw lqwr dffrxqw,1

. mMm, iru vrph {hg
Vxssrvh wkurxjkrxw/ iurp qrz rq/ 3 ? % ? %W ? P@+mPm
W
% A 31
Lw lv fohdu wkdw li k> s+%> ,l lv frqvlvwhqw/ wkhq wkh wrwdo dprxqw ri frpprglwlhv lq
wkh v|vwhp lv erxqghg deryh +dv wkh h{whuqdo djhqw rqo| fuhdwhv % xqlwv ri frpprglwlhv
lq hdfk pdunhw,49 1 Wkh wrwdo dprxqw ri prqh| lv dovr erxqghg1 Wr fkhfn wklv/ revhuyh
 . mPm%,@%  5P
 @% iru c 5 O +dv wkh h{whuqdo djhqw fuhdwhv % xqlwv
wkdw sr6  +P
ri prqh| lq dw prvw mPm pdunhwv,1 Frqvhtxhqwo| sr6 Dr lv erxqghg deryh/ dqg kh
 P@%
  % xqlwv ri prqh| rq klv
qhyhu kdv wr fuhdwh dqg gholyhu pruh wkdq mPmi+%,D5
vdoh ri i+%, xqlwv ri dq| dvvhw m 5 M1 Wkxv wkh wrwdo prqh| lq wkh v|vwhp lv dw prvw
 . mPm% . mMm%  5P1

P
W
W
Ohw E +ru P , ghqrwh wkh vpdoohvw xsshu erxqg4: rq wkh wrwdo dprxqw ri dq|
frpprglw| +ru prqh|, lq wkh v|vwhp dw dq| dgplvvleoh k> s+%> ,l/ iru % ? %W 1 Ohw
a zkhuh E
a lv dv lq Vhfwlrq 5141
H W @ pd{iE W > P W j1 Fohduo| E W A E/
Wr rewdlq dq %0PH zh frqvwuxfw d srlqw0wr0vhw pds # 0 rq wkh frpsdfw/ frqyh{
vhw  +%,/ dv iroorzv1 Iluvw uhfdoo wkdw  @ +t  > { > $  , dqg ohw { + , ghqrwh wkh
surmhfwlrq ri   rqwr lwv vhfrqg frpsrqhqw1 Vhw
# 0 +, @ duj pd{ j  MP

RE0cj  K

dqg

  
PE0x +{ + ,,

# 0 +, @ #0 +,  = = =  #M
0 +,=

Lw fdq eh fkhfnhg wkdw R lv frqyh{ dqg lv dovr xsshu dqg orzhu vhpl0frqwlqxrxv lq
s dv orqj dv s
3> dqg wkdw s+%> ,
3 dqg lv frqwlqxrxv lq  +iru {hg % A 3,1

Wkhuhiruh RE0cj _ +%, frqwlqxrxv lq 1 +Wklv lqwhuvhfwlrq lv qrqhpsw|/ h1j1/ lw
  ,, lv frqwlqxrxv dqg frqfdyh lq 
  1 Lw iroorzv iurp
frqwdlqv 31, Fohduo|/ x +{ +
wkh pd{lpxp sulqflsoh wkdw # 0 vdwlvhv doo wkh frqglwlrqv ri Ndnxwdql*v {hg srlqw
wkhruhp1
Fkrrvh d {hg srlqw +%, @ i +%,jMM zlwk  +%, @ +t  +%,> { +%,> $  +%,, dqg
ghqrwh wkh dwwhqgdqw sulfhv s+%> +%,,  s0 1 Qrwh wkdw ++%,> s0 , lv fohduo| frqvlvwhqw1
49
Wkh prqh| fuhdwhg e| wkh h{whuqdo djhqw e| zd| ri dvvhw gholyhulhv frphv wrr odwh wr eh xvhg
iru pdunhw sxufkdvhv e| djhqwv1 Wkh| fdq xvh lw rqo| wr uhsd| edqn ordqv1
4:
+Zh vkrxog zulwh  W E0c . W E0 hwf1 wr eh h{dfw/ exw wkh 0 zloo eh vxssuhvvhg1 Wklv vkrxog fdxvh
qr frqixvlrq1, Qrwh wkdw  W <  dv 0 < f1
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Ohw % $ 3/ dqg fkrrvh d vxevhtxhqfh ri % vxfk wkdw hdfk frpsrqhqw ri +%, dqg s0
frqyhujhv +srvvleo| wr lqqlw| ru }hur,/ dqg dovr doo srvvleoh udwlrv ri sulfhv frqyhujh
+srvvleo| wr lqqlw| ru }hur,1
Zh zloo h{dplqh wklv vxevhtxhqfh ri +s0 > +%,, lq wkh vwhsv ehorz1
W
Ohw 4 eh wkh xqlw yhfwru lq U7n fu zklfk kdv 4 iru wkh lwk frpsrqhqw dqg 3
hovhzkhuh/ dqg ohw 4 @  4 1 Ohw
xW @ x +E W 4,>

r
q
W
 3 @ plq x +{ . 4 ,  x +{, = {  E W 4/ dqg l lv d frpsrqhqw ri U7n fu =
Fohduo| erwk duh zhoo0ghqhg/ dqg  3 A 31 Ixuwkhu/ e| wkh frqfdylw| ri x / zh kdyh=
{  E W 4>  ? 4 , x +{ . h ,  x +{,   3 1
Ilqdoo|/ li %W lv fkrvhq vx!flhqwo| vpdoo/ wkhq rxu dvvxpswlrq rq xwlolwlhv +vhh
Vhfwlrq 514, lpsolhv wkdw
x +3> = = = > TW > 3> = = = > 3, A xW >
zkhuh TW frxog rffxu lq dq| frpsrqhqw1 Iurp qrz rq wkh deryh lqhtxdolw| zloo eh
dvvxphg1
Vwhs 41 <s A 3 vxfk wkdw s0r6 A s iru vx!flhqwo| vpdoo %/ doo c 5 O dqg v 5 V W 1
Surri1 Vxssrvh vrph s0r6 $ 31 Wdnh k 5 K zlwk pf A 3/ dqg ohw k gr qrwklqj
h{fhsw vshqg pf wr sxufkdvh pf @s0r6 $ 4 ri vc +e| lqyhqwru|lqj pf lqwr shulrg 4/
li v 5 V,1 Wkhq kh fdq frqvxph pruh wkdq TW ri vc/ d frqwudglfwlrq/ vlqfh qr djhqw

frxog eh jhwwlqj pruh wkdq xW xwlohv dw wkh %0PH1
Vwhs 51 <
u vxfk wkdw/ iru vx!flhqwo| vpdoo %> uf70 ? u/ dqg ur0 ? u iru doo v 5 V W 1
 +%, ? E iru vx!flhqwo| vpdoo %/ doo k 5 K
Vwhs 61 <E A 3 vxfk wkdw tf7f6 +%,> trr6
W
dqg v 5 V 1

Surri ri Vwhsv 5 dqg 61 E| +v+ly,, ri wkh exgjhw vhw frqglwlrqv/ qr tf7f6 ru trr6
+iru v 5 V W , fdq h{fhhg wkh prqh| rq kdqg1 Exw wkh odwwhu lv dw prvw H W / surylqj
Vwhs 61 Vwhs 5 lv qrz hylghqw iurp wkh irupxodh +uhphpehulqj wkdw P7f A 3 dqg
hdfk Pr A 3,=

4 . u7f0 @


% . MM tf7f6 +%,
0 @ % . MM trr6 +%, =
>
4
.
u
r

% . Pr . MM tr6r
% . P7f . MM tf67f

Vwhs 71 Iru vx!flhqwo| vpdoo %> uf70  3 dqg ur0  3 iru v 5 V W 1
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Surri1 Iluvw wdnh ur0 iru v 5 V W 1 Fohduo| 4 . ur0 A 31 Li vrph ur0 ? 3/ wkhq ohw k
 +%, e| d vpdoo  A 3 +zklfk lv ihdvleoh/
ghyldwh iurp   +%, dv iroorzv= lqfuhdvh trr6
0
li 4@% A E/ e| Vwhs 6,/ rewdlq @+4 . ur , pruh ri Pr / vshqg +@+4 . ur0 ,,   A 3
pruh wr ex| dqg frqvxph dq h{wud dprxqw ri dq| frpprglw| kh olnhv lq vwdwh v/ dqg
uhwxuq  pruh rq Pr 1 Wklv lpsuryhv klv sd|r/ d frqwudglfwlrq1
Wkh vdph dujxphqw vkrzv u7f0  3 +h{fhsw wkdw kh pxvw qrz lqyhqwru| wkh  lqwr
shulrg 4 wr uhwxuq rq wkh orqj ordq,1

 vxfk wkdw t  +%, ? E
 iru vx!flhqwo| vpdoo %/ doo k lq K dqg doo
Vwhs 814; <E
fk
pdunhwv 3m +zlwk m 5 M>  5 L,1
 Vxssrvh t +%, $ 41
Surri1 Wdnh dq| m 5 M dqg ohw Dr A 3 iru vc 5 V  O1
fk
Wkhq wkh dprxqw ri prqh| rzhg iru gholyhu| e| k lv dw ohdvw=
tfk s0r6 Dr
zkhuh s0r66  41 E| Vwhs 4/ wkh s0r6 duh erxqghg dzd| iurp 3/ vr wklv dprxqw zloo

hyhqwxdoo| h{fhhg H W / frqwudglfwlqj frqglwlrq +v+lll,,6 ri wkh exgjhw vhw1
 +%, lv erxqghg iurp deryh iru doo  5 Q ^ M1
Vwhsv 6 dqg 8 vkrz wkdw trkq
 t  +%,  H W 1 Khqfh doo dfwlrqv t  +%, duh erxqghg lqghshqghqw ri
Fohduo| li  5 O/
rkq
%1 Wkhuhiruh olp0<f +t  +%,> { +%,> $  +%,,  +t  > { > $ , lv qlwh lq hyhu| frpsrqhqw1

Vwhs 91 Iru vx!flhqwo| vpdoo %/ dqg doo k 5 K>  +%, pd{lpl}hv x +{ + ,, rq
+qrw mxvw rq R0 _ +%,,1

0
R

Surri1 Vlqfh  +%, lv erxqghg lq hdfk frpsrqhqw/ wkh frqvwudlqw ri 4@% lv qrw elqg0
lqj rq   iru vpdoo %/ dqg wkhq wkh frqfoxvlrq iroorzv e| wkh frqfdylw| ri x +{ + ,,,

rq R0 1
Zh qh{w vkrz wkdw olp0<f s0rkq  srkq lv srvlwlyh dqg qlwh iru hyhu| v 5 P1
Vwhs :1 <U A 3 vxfk wkdw s0r6 @s0r&6 ? U dqg s0f6 @s0r&6 ? U iru vx!flhqwo| vpdoo
%/ doo v 5 V W dqg c> n 5 O1
Surri1 Vxssrvh vrph s0r6 @s0r&6 $ 41 Wdnh k zlwk hr A 31 Ohw klp vhw dsduw
+%,h ri klv hqgrzphqw dqg vfdolqj grzq klv dfwlrqv e| +4  +%,,/ iru vpdoo
+%, A 3 +wklv lv ihdvleoh e| wkh vfdolqj surshuw| ri klv dfwlrq vsdfh,1 Wkhq klv
xwlolw| ghfuhdvhv e| dw prvw +%,+xW  x +3,, +vlqfh klv sd|r lv d frqfdyh ixqfwlrq
ri klv dfwlrqv,/ dqg kh kdv dw ohdvw +%,hr A 3 ri jrrg vc dw kdqg1 Ohw k +l,
 +%, e| +%,s0 h +e| Vwhs 6/ wklv lv
eruurz pruh prqh| rq Pr / lqfuhdvlqj trr6
r6 r
4;
Iru vlpsolflw| zh qrz vxssrvh wkdw a ' / l1h1/ wkhuh duh qr qhwwhg dvvhwv/ dqg ghdo zlwk a dw
wkh hqg ri wkh surri1

57

srvvleoh iru vpdoo % dqg +%,,> +ll, vshqg wkh h{wud prqh| rewdlqhg rq Pr +qdpho|
+%,s0r6 hr @+4.ur0 ,, wr sxufkdvh dqg frqvxph pruh ri vn> dqg +lll, vhoo +%,hr pruh
ri vc iru prqh|1 Wkh surfhhgv ri +lll, zloo ghiud| wkh h{wud ordq1 Dqg/ fkrrvlqj +%,
vpdoo hqrxjk wr hqvxuh +%,s0r6 hr @^+4 . ur0 ,s0r&6 ` ? 4/ wkh lqfuhdvh lq k*v xwlolw| lv
dw ohdvw


s0r6 hr



+%,  3
 ^xW  x +3,`
+4 . ur0 ,s0r&6

zklfk ehfrphv srvlwlyh/ vlqfh s0r6 @s0r&6 $ 4 dqg vlqfh +e| Vwhs 5, ur0 lv erxqghg
deryh/ d frqwudglfwlrq1 Li s0f6 @s0r6& $ 4 iru vrph v 5 V/ zh uhshdw wkh deryh surri/
h{fhsw wkdw k qrz lqyhqwrulhv prqh| rewdlqhg iurp vhoolqj 3c lqwr vwdwh v/ dqg wkhq
ex|v vn1

Vwhs ;1 Iru v 5 V W / v 5 P dqg >  5 O ^ M 
s0rkq < 4
zkhuh M   wkh vhw ri dvvhwv wkdw duh qrw qrplqdo1
Surri1
Fdvh L1 >  @ c> c 5 O1 Vxssrvh s0r $ 41 Wkhq wdnh k zlwk hr A 3 dqg ohw klp
vfdoh klv dfwlrqv grzq e| 4  +%,/ dv lq wkh surri ri Vwhs :1 Ohw klp vhoo +%,hr
pruh dw wkh pdunhw vcc +zklfk lv ihdvleoh iru vpdoo hqrxjk % dqg +%, e| Vwhs 6,/
rewdlqlqj s0r +%,hr ri vc 1 Wkh fkdqjh lq klv xwlolw| lv dw ohdvw


+%,  3 s0r hr  ^xW  x +3,`
zklfk ehfrphv srvlwlyh vlqfh s0r $ 4/ d frqwudglfwlrq1
Fdvh LL1 >  @ m> m  5 M  1 Vxssrvh s0J  $ 41 Wdnh dq| k 5 K1 Vlqfh hr 9@ 3 iru
doo v 5 V/ zh vhh +lq ylhz ri Vwhsv 4 dqg :, wkdw wkhuh h{lvwv d frqvwdqw F A 3 vxfk
wkdw
s0ru6  hr
AF
Dr6 . s0ru6  Dru
iru doo v 5 V +iru vpdoo hqrxjk %,1 Pruhryhu/ vlqfh m  lv qrw d qrplqdo dvvhw/ wkhuh

lv d vwdwh v dqg d frpprglw| n 5 O zlwk Dr& A 31 Dv lq Fdvh L/ ohw k vhw dvlgh
+%,h ri klv hqgrzphqw e| vfdolqj klv dfwlrqv e| 4  +%,1 Ohw  +%, vdwlvi| wkh
htxdwlrq +4 . u, +%, @ F+%,/ zkhuh u lv dq xsshu erxqg rq lqwhuhvw udwhv lq
dffrugdqfh zlwk Vwhs 51 Qrz ohw k vhoo  +%, pruh ri dvvhw m dw wkh pdunhw 3mm 
wr rewdlq s0f   +%, pruh ri dvvhw m  1 +Wklv pdujlqdo lqfuhdvh lq klv dfwlrq/ dqg
rwkhuv odwhu lq wkh surri/ duh doo ihdvleoh iru vpdoo % dqg +%, e| Vwhs 61, Ixuwkhu

 e|  +%,+D . s0
0
ohw klp lq hdfk vwdwh v 5 V= +l, lqfuhdvh trr6
r6
ru6  Dru ,+4 . ur ,>
+ll, xvh wkh dgglwlrqdo prqh| rewdlqhg rq Pr wr pdnh wkh gholyhulhv hqwdlohg e| wkh
h{wud vdoh ri dvvhw m> +lll, vhoo +%,hr pruh ri klv hqgrzphqw iru prqh|> +ly, xvh
wkh surfhhgv ri +lll, wr uhsd| wkh ordq ri +l, +zklfk lv ihdvleoh vlqfh +%,s0ru6  hr A
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F+%,^Dr6 . s0ru6  Dru ` @ +4 . u, +%,^Dr6 . s0ru6  Dru ` e| rxu fkrlfh ri  +%,/ dqg
vlqfh ur0  u,> +y, lqfuhdvh trr6 +%, e| dq dgglwlrqdo +l1h1/ ryhu dqg deryh wkh lqfuhdvh


lq +l,, dprxqw  +%,s0f  Dr& s0r&6  W +%,s0r&6 +vd|,> +yl, xvh wkh prqh| rewdlqhg lq
+y, wr ex| dw ohdvw +W +%,s0r&6 @++4. u,s0r6 ,  W +%,@U+4. u, ri d frpprglw| vc wkdw
kh olnhv4< zkhuh U lv dv lq Vwhs :1 Wkh gholyhulhv rewdlqhg e| k rq klv h{wud sxufkdvh
ri dvvhw m  ghiud|v wkh ordq lqfxuuhg lq +y,/ khqfh wkh deryh ghyldwlrq lv ihdvleoh iru
klp1 Wkh uhvxowlqj jdlq lq xwlolw| lv dw ohdvw + 3 W +%,@U+4 . u,,  +%,+xW  x +3,,
zklfk ehfrphv +diwhu vxevwlwxwlqj  +%, lqwr W +%,/ dqg +%, lqwr  +%,,=
#
$

 3 F
+%,
 s0  D  ^xW  x +3,`
U+4 . u,2 f r&
Wklv lv srvlwlyh iru vpdoo hqrxjk % vlqfh s0f  $ 4/ d frqwudglfwlrq1

Fdvh LLL1 >   m> c zkhuh m 5 M  > c 5 O1 Vxssrvh s0f $ 41 Khuh ohw k vhoo s0J  +%,
pruh ri dvvhw m dw wkh pdunhw 3mc/ zkhuh  +%, lv dv lq Fdvh LL dqg ghyldwh dv lq +l,/
+ll,/ +lll,/ +ly, ri Fdvh LL/ diwhu vfdolqj klv dfwlrqv e| 4  +%,1 Wkhq kh fdq uhsd| rq
 s0 xqlwv ri frpprglw| 3c/ zklfk
klv h{wud vdoh ri dvvhw m/ rewdlqlqj  +%,s0f @ n7
o f
h{fhhgv TW dv s0f $ 4/ d frqwudglfwlrq1

Fdvh LY1 >  @ c> m iru c 5 O> m 5 M  1 Vxssrvh s0J $ 4/ l1h1/ s0f $ 31 Wklv lv
frqwudglfwhg lq Vwhs 44 ehorz1

Vwhs <1 Iru c 5 O dqg m 5 M +qrw mxvw m 5 M  ,/ s0f < 41

Surri1 Dv lq Fdvh LLL ri Vwhs ;1
Vwhs 431 Iru m 5 M  / s0f6 @ns0fu6 n < 4/ zkhuh ns0fu6 n  &Mu s0f&6 1
Surri1 Vxssrvh s0f6 @ns0fu6 n $ 41 Ohw k vfdoh grzq klv dfwlrqv e| 4  +%, dqg
vhoo  +, pruh ri dvvhw m dw wkh pdunhw 3mp/ zkhuh  +%,  F+%,+4 . u,3 lv dv lq
wkh surri ri Vwhs ;1 Ohw klp +l, lqfuhdvh tff6 +%, e|  +%,s0f6 > +ll, vshqg wkh prqh|
rewdlqhg lq +l, wr ex| dqg frqvxph  +%,s0f6 @^+4 . uf0 ,s0f6 ` ri vrph jrrg 3c> +lll,
ghyldwh lq hdfk vwdwh v 5 V h{dfwo| dv lq wkh surri ri Vwhs ;1 +Qrwh wkdw wkh h{wud
vdoh ri  +%, ri dvvhw m zloo ghiud| wkh ordq ri +l,1, Wkhq klv fkdqjh lq sd|r lv dw
ohdvw +iru +%, vxlwdeo| vpdoo,=


s0f6
F



+%,  3
 ^xW  x +3,`
+4 . u, +4 . u,s0f6
zklfk ehfrphv srvlwlyh/ vlqfh s0f6 @s0f6 $ 4 li s0f6 @ns0fu6 n $ 4/ d frqwudglfwlrq1

4<

Lq wkh frqwh{w ri sxuho| Wkhruhp 4/ kh frxog ex| frpprglw| r&/ vlqfh zh kdyh dvvxphg hdfk
djhqw olnhv hyhu| frpprglw|1 Exw zh gr wkh pruh jhqhudo dujxphqw wr lqglfdwh krz wklv dvvxpswlrq
frxog eh uhod{hg1
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Vwhs 441 Ohw c 5 O> m 5 M dqg s0f $ 31 Wkhq m lv d qrplqdo dvvhw/ dqg +iru doo
v 5 V,=
Dr6 A 3 , s0ru6 $ 4=
Surri1 Vxssrvh m lv qrw qrplqdo/ l1h1/ Dr& A 3 iru vrph vn 5 V  O1 Fkrrvh k
zlwk hf A 31 Ohw k +l, vfdoh klv dfwlrqv grzq e| 4  +%, orvlqj dw prvw +%,^xW 
x +3,` xwlolw|> +ll, vhoo +%,hf pruh ri 3c rq wkh pdunhw 3cm> +lll, lqfuhdvh trr6 +%, e|
^+%,hf @s0f `s0r&6 Dr& > +ly, xvh wkh prqh| rewdlqhg lq +lll, wr sxufkdvh dqg frqvxph
++%,hf s0r&6 Dr& ,@^s0f +4 . ur0 ,s0r6 ` pruh ri vrph frpprglw| vc1 Wkh gholyhu| kh
uhfhlyhv rq wkh h{wud sxufkdvh ri dvvhw m ghiud|v wkh h{wud ordq lq +lll,1 Wkxv klv
fkdqjh lq sd|r lv dw ohdvw
$
#
 D s0
h
+%,  3 0 f r& 0r&60  ^xW  x +3,`
sf +4 . ur ,sr6
zklfk ehfrphv srvlwlyh/ vlqfh s0f $ 3> dqg +e| Vwhs 5, ur0 lv erxqghg> dqg +e|
Vwhs :, s0r&6 @s0r6 lv erxqghg1 Wklv lv d frqwudglfwlrq1 Khqfh m lv qrplqdo1
Qh{w vxssrvh Dr6 A 3 dqg ns0ru6 n lv erxqghg1 Ohw k ghyldwh dv ehiruh/ uhsodflqj
s0r&6 Dr& e| Dr6 wkurxjkrxw1 Zh jhw wkh vdph frqwudglfwlrq/ vlqfh s0r6 lv erxqghg1

Vwhs 451 Vxssrvh/ iru m 5 M/ s0f6 @ns0fu6 n $ 31 Wkhq/ djdlq/ m lv d qrplqdo dvvhw/
dqg +iru doo v 5 V,=
Dr6 A 3 , s0ru6 $ 4=
Surri1 Wklv lqyroyhv d plqru prglfdwlrq ri wkh suhylrxv surri1 Fkrrvh k zlwk
hf A 31 Ohw +l, eh dv ehiruh1 Uhsodfh +ll, dqg +lll, e|= ohw k vhoo +%,hf pruh ri 3c
iru prqh| +dv xvxdo,> lqfuhdvh tff6 +%, e| +%,s0f6 hf +wkh vdoh deryh zloo ghiud| wklv
ordq,> sxufkdvh ++%,s0f6 hf ,@^+4 . uf0 ,s0f6 ` pruh ri dvvhw m rxw ri wkh h{wud ordq1
Djdlq ohw k eruurz pruh prqh| lq vwdwh v wr vshqg rq frqvxplqj vc/ pdnlqj vxuh
wkdw wkh h{wud ordq lv ghiud|hg e| wkh gholyhu| rq klv dgglwlrqdo sxufkdvh ri dvvhw m1
Wkh vdph frqwudglfwlrqv rewdlq/ dv lq wkh suhylrxv surri/ uhsodflqj +%,hf @s0f e|
++%,s0f6 hf ,@^+4 . uf0 ,s0f6 `/ dqg qrwlqj wkdw +e| Vwhs :, s0f6 @s0f6 $ 4 xqghu
wkh fxuuhqw vfhqdulr1

Vwhs 461 ur  r +p> P, iru doo v 5 V1
Surri1 Wklv zloo eh rujdql}hg
+doo phdqw iru vpdoo hqrxjk
Swkurxjk d vhulhv ri Fodlpv
W
%,1 Wkurxjkrxw ghqrwh p
 r  MM pr iru doo v 5 V dqg u? @ olp0<f u?0 iru q 5 Q1
Fodlp L1 +4 . u7f0 ,  plqrM7 +4 . uf0 ,+4 . ur0 ,1
Vxssrvh wkh fodlp lv idovh1 Qrz/ e| Vwhs 7/ wkh h{whuqdo djhqw eruurzv %@+4 .
0
u? ,  % grooduv rq dq| ordq q 5 Q +zkloh dovr ghsrvlwlqj % grooduv rq lw,1 Wkhuhiruh
djhqwv* qhw eruurzlqj rq P? lv ehwzhhq P? dqg P? . %1 Lw iroorzv wkdw <k 5 K
5:

zkr eruurzv d srvlwlyh dprxqw rq Pf 1 Ohw k eruurz  grooduv ohvv rq Pf dqg
+dv lv ihdvleoh/ iru vpdoo  dqg %/ e| Vwhs 6,  grooduv pruh rq P7f 1 Wklv hqdeohv
klp wr dfw h{dfwo| dv ehiruh lq doo rwkhu uhvshfwv lq vwdwh 31 Exw kh rzhv +4 . uf0 ,
ohvv rq Pf dw wkh hqg ri vwdwh 31 Vr ohw klp/ lqvwhdg ri uhsd|lqj +4 . uf0 , rq Pf /
lqyhqwru| lw lqwr hyhu| vwdwh v 5 V lq shulrg 4 dqg wkhq ghsrvlw lw rq Pr 1 Kh zloo
hduq +4 . uf0 ,+4 . ur0 , A +4 . u7f0 , dw wkh hqg ri hdfk vwdwh v 5 V/ l1h1/ zloo kdyh
vxusoxv prqh| ^+4 . uf0 ,+4 . ur0 ,  +4 . u7f0 ,`  0r A 3/ zlwkrxw kdylqj dhfwhg klv
frqvxpswlrq1 Lq ylhz ri wklv kh frxog +djdlq lqyrnlqj Vwhs 6, eruurz 0r @+4 . ur0 ,
pruh rq vrph Pr dqg vshqg lw wr frqvxph pruh lq vwdwh v/ lpsurylqj klv xwlolw|/ d
frqwudglfwlrq1 Wklv suryhv Fodlp L1 +Lqghhg zh vhh wkdw vwulfw lqhtxdolw| krogv zkhq
wkh ur0 / v 5 V/ duh qrw htxdo1 Iru rwkhuzlvh/ wkh vdph duelwudjh zrunv zlwk 0| A 3
iru vrph w 5 V/ dqg 0r  3 ;v 5 V1,
Fodlp LL1 u7f0 P7f . uf0 Pf . ur0 Pr  p
f .p
 r . +mPm . mM m,% ;v 5 V1
Wr fkhfn wklv/ frqvlghu wkh sdwk +3> v, lq wkh gdwh0hyhqw wuhh1 Rq wklv sdwk djhqwv*
qhw eruurzlqj lv +dv zh mxvw vdz, dw ohdvw Pf . P7f . Pr 1 Wkh h{whuqdo djhqw fuhdwhv
+dv zh vdz pxfk hduolhu, qr pruh wkdq +mPm . mM m,% grooduv1 Wkhuhiruh wkh wrwdo
 r . +mPm . mM m,%/
rxwvlgh prqh| dydlodeoh rq sdwk +3> v, wr djhqwv lv dw prvw p
f .p
0
0
0
zklfk pxvw fryhu wkhlu lqwhuhvw sd|phqw u7f P7f . uf . ur Pr rq wkh sdwk +3> v,/ surylqj
Fodlp LL1
f .
Fodlp LLL1 Wkhuh lv vrph w 5 V zlwk +4 . u7f0 ,  +4 . uf0 ,+4 . u|0 ,/ dqg u|  +p
{, ;
{ 5 [| 1
p
 | ,@+Pf . P| ,  | +p> P, ?  | +
 f .p
 r plq|M7 i+p
 f .p
 | ,@+P7f .
Wr yhuli| Fodlp LLL/ revhuyh wkdw r +p> P,  ^p
 f .p
 r  i+p
 f .p
 r ,@+P7f . Pr ,jP7f `@Pr @ +p
 f .p
 r ,@+P7f . Pr ,
P| ,jP7f `@Pr  ^p
;v 5 V1 E| Fodlp L/ <w 5 V vxfk wkdw +4 .u7f0 ,  +4 .uf0 ,+4 . u|0 ,/ l1h1/ u7f0  uf0 .u|0 dqg/
f.p
 | . +mPm . mM m,%1 Vxevwlwxwlqj uf0 . u|0 lq
e| Fodlp LL/ u7f0 P7f . uf0 Pf . u|0 P|  p
f .p
 | . +mPm . mM m,%`@+P7f . P| ,`1
sodfh ri u7f0 lq wkh odwwhu lqhtxdolw| |lhogv u|0  ^p
{, A u|0 ;
{ 5 [| +vlqfh/ e| wkh jdlqv wr wudgh k|srwkhvlv/
Khqfh/ iru vpdoo hqrxjk %/  | +
{, A | +p> P, ;
{ 5 [| ,1
 | +
Fodlp LY1 Ohw w 5 V1 Li u|  | +p> P ,/ wkhq s0|u6 < 41
+E| Vwhs :/ hlwkhu doo sulfhv lq d vwdwh vwd| erxqghg ru hovh doo jr wr lqqlw|1,
Wr yhuli|
Fodlp LY/ vxssrvh s0|u6 $ 41 Uhfdoolqj wkh irupxod iru s0|6 / zh pxvw
S
53

kdyh
MM t|6 +%, $ 3/ dqg wkhuhiruh olp0<f {+%,  { 5 [| 1 +Qrw rqo| frpprglw|
wudghv ehfrph qhjoljleoh lq vwdwh w/ exw qhw dvvhw gholyhulhv  zklfk fdqqrw h{fhhg
wkh prqh| lq v|vwhp  dovr frxqw iru qrwklqj vlqfh wkhlu sxufkdvlqj srzhu lv jrlqj
wr }hur1, Ohw s0|u6 @ s0|u6 @mms0|u6 mm dqg sa|u6 @ olp0<f s0|u6 1
Iru hdfk djhqw k 5 K/ ghqh d xwlolw| ri wudgh  lq vwdwh w e| y + , @ x +{ .
W
 W + > u| ,, zkhuh  W + > u| , 5 U7n fu lv jlyhq e|  Wr @ 3 li v 5 V W qiwj/  W| @   li   ? 3/
 W| @   @+4 .u| , li    31 Wkhq/ xvlqj wkh idfw wkdw zh duh wdnlqj olplwv ri %0PH dqg
wkdw s0|u6 $ 4/ lw lv hdv| wr yhuli| wkdw qr0wudgh frqvwlwxwhv d Zdoudv htxloleulxp ri
wkh sxuh h{fkdqjh O0jrrgv hfrqrp| lq vwdwh w zlwk xwlolwlhv y / hqgrzphqwv {| dqg
sulfhv sa1 Exw wkhq wkhuh duh qr jdlqv0wr0wudgh +l1h1/ qr Sduhwr0lpsuryhphqw, zlwk
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Vlqfh wrwdo prqh| lq wkh v|vwhp lv erxqghg/ sulfhv jr wr lqqlw| rqo| li wkh vdoh ri frpprglwlhv
jrhv wr }hur1

5;

xwlolwlhv y 1 Wklv wudqvodwhv hdvlo|54 lqwr  | +{,  u| 1 Exw u|  | +p> P,1 Khqfh
 | +{,  | +p> P,1 Wklv frqwudglfwv wkh jdlqv0wr0wudgh k|srwkhvlv/ surylqj Fodlp LY1
Fodlp Y1 Ohw w eh dv lq Fodlp LLL1 Wkhq u7f P7f . uf Pf . u| P| @ p
f .p
 | +zkhuh
u?  olp0<f u?0 iru doo q 5 Q,1
 f .p
 | 1 E| Vwhs
Wdnlqj olplwv lq Fodlp LL zh douhdg| kdyh u7f P7f .uf Pf .u| P|  p
: dqg Fodlp LY zh vhh wkdw frpprglw| sulfhv s0fu6 dqg s0|u6 duh erxqghg rq wkh sdwk
+3> w,1 Pruhryhu/ dujxlqj dv lq Vwhsv ;45/ dqg xvlqj wkh idfw wkdw s0|u lv erxqghg/
lw iroorzv wkdw li D| 9@ 3 wkhq s0fk lv erxqghg dzd| iurp }hur iru doo 3m 5 P> zklfk lq
wxuq lpsolhv wkdw wkh %0h{whuqdo djhqw rzqv dw prvw N% xqlwv ri dq| dvvhw wkdw pdnhv
qrq}hur gholyhulhv lq vwdwh w +iru vrph frqvwdqw N,1 Wkxv wkh prqh| rewdlqhg e| wkh %0
h{whuqdo djhqw iurp klv vdoh ri frpprglwlhv dqg uhfhlsw ri dvvhw gholyhulhv lv dw prvw 
%
 | .P7f .Pf .P| 
%
+iru vrph rwkhu frqvwdqw 
 , rq wkh sdwk +3> w,1 Vr dw ohdvw p
 f .p
dprxqw ri prqh| lv lq djhqwv* kdqgv rq wkh sdwk +3> w, dw wkh %0PH1 Doo wklv prqh|
pxvw eh rzhg wr wkh edqnv +vlqfh/ li dq| djhqw zdv ohiw zlwk zruwkohvv vxusoxv prqh|
kh frxog kdyh lpsuryhg klv frqvxpswlrq e| ex|lqj pruh jrrgv zlwk dq lqfuhphqwdo
 f .p
 | 
%.P7f .Pf .P| 
edqn ordq dqg uhsd|lqj lw xvlqj wkh vxusoxv,1 Khqfh55 p
0
0
0
0
0
+4.u7f ,+P7f .%,.+4.uf ,+Pf .%,+4.u| ,+P| .%,^+4.u7f ,.+4.uf ,.+4.u|0 ,`%1 Wdnlqj
 |  u7f P7f . uf Pf . u| P| / hvwdeolvklqj
olplwv zh jhw wkh uhyhuvh lqhtxdolw|= p
f .p
wkh htxdolw| ri Fodlp Y1
 f.
Frpsohwlrq ri wkh Surri ri Vwhs 46 Vxssrvh wkdw ur A +pf .pr plq| M7 ^+p
p
 | ,@+P7f . P| ,`P7f ,@Pr iru vrph v 5 V1 Wklv lpsolhv


 |
p
f .p
 f . pr =
+,
. Pr ur A p
P7f plq
| M7 P7f . P|
Exw e| Fodlp LL/ zh kdyh
Pf uf . P7f u7f . Pr ur  p
f .p
 r=

+,

Vxewudfwlqj +, iurp +, |lhogv




 |
p
f .p
P7f plq
 u7f A Pf uf >
| M7 P7f . P|
l1h1/



 |
p
f .p
Pf uf
u7f ? plq


| M7 P7f . P|
P7f
|
p
f .p
Pf uf


P7f . P|
P7f
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Ru hovh vhhOhppd 5 lq Gxeh|Jhdqdnrsorv +5334,1
Wdnlqj lqwr dffrxqw wkdw wkh h{whuqdo djhqw sxwv xs 0 rq erwk vlghv ri hdfk ordq pdunhw/ wkh
UKV lv wkh wrwdo prqh| rzhg wr edqnv e| djhqwv1
55

5<

zkhuh w lv dv lq Fodlp LLL1 Exw wkhq


|
p
f .p
 Pf uf . P| u|
P7f . P| . Pf uf


|
p
f .p
@ P7f
. P| u| =
P7f . P|

P7f u7f . Pf uf . P| u| ? P7f



 f .p| ,@+P7f .P| , e| Fodlp LLL/ zh vhh +e| vxevwlwxwlqj +p
 f .p
 | ,@+P7f .
Vlqfh u|  +p
P| , iru u| lq wkh odvw whup, wkdw
P7f u7f . Pf uf . P| u| ? p
f .p
 |>
zklfk frqwudglfwv Fodlp Y1 Wklv suryhv Vwhs 461
Vwhs 471 s0ru6 < 4 iru v 5 V W 1
Surri1 Iluvw wdnh v 5 V1 Wkh uhvxow iroorzv iurp Vwhs 46 dqg Fodlp LY ri Vwhs
461
Li s0fu6 $ 4/ wkhq e| Vwhs :/ s0ru6 $ 4 iru doo v 5 V/ d frqwudglfwlrq1 Wkxv

s0ru6 < 4 iru doo v 5 V W 1
Vwhs 481 s0rkq lv erxqghg iru doo v 5 P1 Khqfh s @ olp s0 lv srvlwlyh dqg qlwh
lq hdfk frpsrqhqw1
Surri1 E| Vwhs ;/ wkh rqo| fdvh ohiw wr fkhfn lv zkhq hlwkhu  @ p ru  @ p ru
 5 MqM  /  5 M  ru ylfh yhuvd1 Exw wkhvh iroorz iurp Vwhsv :/ <471 +Vlqfh s0ru6 lv
erxqghg iru v 5 V/ qrplqdo dvvhwv fdq eh wuhdwhg olnh uhdo dvvhwv1,

Vwhs 491 Wkh olplw ++t > { > $  ,MM > s, lv dq PH1
Surri1 Wklv lv hylghqw iurp Vwhs 48/ dqg wkh frqwlqxlw| ri x 1



Surri ri Wkhruhp 4 zlwk Qhwwlqj1 Wkh rqo| sodfh lq wkh surri zkhuh zh xvhg
wkh idfw wkdw wkhuh lv qr qhwwlqj zdv wr vkrz +lq Vwhs 8, wkdw tfk +%, < 4 iru dq|
m 5 M dqg 3m 5 P1 Wkh lghd zdv wkdw vlqfh hdfk dvvhw fdoohg iru wkh gholyhu| ri
hlwkhu prqh| ru frpprglwlhv/ qr djhqw frxog eh wrr vkruw dqg vwloo eh deoh wr gholyhu1
Exw zkhq dvvhw gholyhulhv duh srrohg/ wklv dujxphqw qr orqjhu krogv/ vlqfh dq djhqw
frxog ex| d odujh dprxqw ri vrph dvvhwv/ dqg vhoo d odujh dprxqw ri vrph rwkhu dvvhwv/
dqg |hw eh fdoohg xsrq wr pdnh d vpdoo dprxqw ri qhw gholyhulhv1 Zh qrz vkrz krz
wr oo wklv jds1
 dv dujxhg
Li dvvhw m lv qrw qrplqdo/ l1h1/ m 5 M  / wkhq 3 ? olp0<f s0J iru doo c 5 O/
 wkhq zh pxvw kdyh=
lq Vwhsv 44/ 451 Li m lv qrplqdo dqg s0J $ 3 iru vrph c 5 O/
Dr6 A 3 , s0r6 $ 4 iru doo c 5 O=
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Rwkhuzlvh dq| k zlwk hf A 3 fdq jlyh xs d olwwoh elw ri 3c wr sxufkdvh d kxjh dprxqw
ri dvvhw m/ dqg xvh wkh prqh| gholyhuhg e| m lq vwdwh v wr frqvxph56 d kxjh dprxqw ri
frpprglwlhv lq vwdwh v/ d frqwudglfwlrq1 Exw li s0ru6 $ 4/ zh frqwudglfw wkh jdlqv0
wr0wudgh k|srwkhvlv lq vwdwh v1 +Wkh qhw gholyhulhv rq M lq vwdwh v duh vwloo erxqghg
e| H W dqg frxqw iru qrwklqj vlqfh s0ru6 $ 41 Vr frpprglw| wudgh lq vwdwh v jrhv
wr }hur hyhq zlwk qhwwhg dvvhwv1,
 Exw vlqfh wkh wrwdo dprxqw
Wr vxp xs/ 3 ? olp0<f s0J iru doo m 5 M dqg doo c 5 O1
 lv erxqghg deryh e| H W lq dq %0PH/ zh frqfoxgh wkdw dvvhw vdohv t0 +%,
ri c 5 O
J
 dqg m 5 M1
 Exw vlqfh dvvhwv lq M wudgh rqo|
vwd| erxqghg/ iru doo k 5 K dqg c 5 O
 zh duh grqh1
djdlqvw O/

S


Surri ri Wkhruhp
51
Wkdw
u
f
MM pf @Pf lv hylghqw iurp wkh idfw wkdw wkhuh
S
lv qr pruh wkdq MM pf rxwvlgh prqh| wr uhsd| rq ordqv e| wkh hqg ri vwdwh 31 Wkh
rwkhu sduw ri +lll,/ dv zhoo dv +l, dqg +ll, duh hvwdeolvkhg dv lq wkh surri ri Wkhruhp 4
+vhh Vwhsv 7/ 46,/ uhsodflqj %0PH e| PH1 Wkh surri ri htxdolw| +ly, lv dovr lpsolflw
lq wkh surriv ri Fodlpv LL/ LY ri Vwhs 461 Lqghhg frqvlghu dq| sdwk +3> v, iru v 5 V1
 r . P7f . Pf . Pr 1 Dw dq| PH/ qr
Wkhq wkh wrwdo prqh| rq wklv sdwk lv p
f . p
djhqw zloo hqg xs kroglqj zruwkohvv vxusoxv fdvk dw wkh hqg ri vwdwh v +rwkhuzlvh/ kh
frxog kdyh eruurzhg/ vshqw dqg frqvxphg pruh> dqg uhwxuqhg wkh lqfuhphqwdo ordq
rq Pr zlwk wklv vxusoxv,1 Vr doo wkh prqh| pxvw eh rzhg wr wkh edqn/ lpso|lqj
 r . P7f . Pf . Pr  +4  u7f ,P7f . +4 . uf ,Pf . +4 . ur ,Pr =
p
f .p
Rq wkh rwkhu kdqg/ vlqfh qr djhqw fdq ghidxow/ wrwdo prqh| rq +3> v,  prqh| rzhg
rq +3> v,/ surylqj wkh uhyhuvh lqhtxdolw|1 Wklv hvwdeolvkhv htxdolw|lq wkh deryh glvsod|/
;v 5 V/ surylqj +ly,1
Ilqdoo| +y, iroorzv iurp +ll, dqg +lll,1

Surri ri Wkhruhp 61 Ghqh dq %0PH dv ehiruh/ h{fhsw wkdw wkh %0h{whuqdo djhqw
grhv qrw dfw rq wkh edqn ordq pdunhwv1 Lqvwhdg wkh fhqwudo edqn lvvxhvShlwkhu erqgv

T
Sr?6 A3 ru lqvlgh prqh| Tr6? A 3 +ghshqglqj rq zkhwkhu +4 . u? , MM tr6? A
vwulfw lqhtxdolw|
lq rughu wr fohdu wkh ordq pdunhw=
MM tr?6 ru wkh
Suhyhuvh
S krogv,


+4 . u? ,^Tr6? . MM tr6? ` @ Tr?6 . MM tr?6 1 Lw qhyhu lvvxhv erwk erqgv dqg
lqvlgh prqh| +l1h1/ Tr?6 Tr6? @ 3,1 Wkhq %0PH h{lvw dv ehiruh1 Zh vkdoo vkrz wkdw/
lq frqmxqfwlrq zlwk wkh qr0duelwudjh frqglwlrq rq lqwhuhvw udwhv/ wklv lpsolhv wkdw wkh
wrwdo prqh| lq wkh v|vwhp lv erxqghg dw %0PH/ vr wkdw wkh surri ri h{lvwhqfh fdq
surfhhg dv iru Wkhruhp 41
 +%,,
Ghqrwh dfwlrqv dw wkh pdunhw v lq wkh %0PH xqghu frqvlghudwlrq e| T0rkq > +trkq
MM 1
S
 /
Vlqfh wkhS
rxwvlgh prqh| dydlodeoh
iru
edqn
ghsrvlwv
lq
shulrg
3
lv
p


p
f
MM f6f
S
 f 1 Vlqfh iru q @ 3 ru 3/ li T0f?6 A 3
zh kdyh MM tf6f +%, . MM tf67f +%,  p
S
S
wkhq +4 . u? , MM tf6? +%, @ T0f?6 . MM tf?6 +%,/ zh frqfoxgh T0ff6 . T0f7f6 
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E| +dv xvxdo, eruurzlqj rq r dw wkh erxqghg lqwhuhvw udwh or / vshqglqj wkh eruurzhg prqh|
wr ex| frpprglwlhv lq vwdwh r/ dqg ghiud|lqj wkh ordq zlwk wkh dvvhw gholyhulhv1
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+4 . u7f ,p7f +xvlqj wkh reylrxv idfw wkdw u7f  uf ,1 Wklv vkrzv wkdw wkh rxwvlgh prqh|
f .p
 r1
lq djhqwv* kdqgv dw wkh vwduw ri shulrg v 5 V lv erxqghg e| E  +4 . uf ,p
Zh qh{w dujxh wkdw T0f67f lv erxqghg1 Iru vxssrvh T0f67f $ 41 E| wkh qr0
duelwudjh frqglwlrq/ +4 . u7f , A +4 . u| , iru vrph w 5 V vlqfh uf A 31 Wkxv hyhq li doo
ri T0f67f . E zhuh ghsrvlwhg wr hduq wkh lqwhuhvw u| / djhqwv zrxog qrw kdyh hqrxjk
prqh| wr uhsd| wkhlu orqj ordq/ vlqfh +4 . u7f ,T0f67f  +4 . u| ,T0f67f  +4 . u| ,E $ 41
 f lv dydlodeoh lq
Khqfh T0f67f lv erxqghg1 Exw wkhq vr lv T0f6f / vlqfh dw prvw T0f67f . p
djjuhjdwh dw wkh hqg ri shulrg 3 wr uhsd| wkh ghew +4.uf ,T0f6f 1 Iru wkh vdph uhdvrq/
wkh wrwdo ghsrvlw rq ur lv dovr erxqghg e| T0f67f . E lq dq| vwdwh v 5 V1 +Djhqwv
kdyh qr pruh prqh| lq wkhlu kdqgv dw wkh vwduw ri vwdwh v1, Dujxlqj dv lq vwdwh 3/
wklv erxqgv T0rr6 e| +4 . ur ,+T0f67f . E , iru doo v 5 V1 Exw wkhq wkh wrwdo rxwvlgh
 f .p
 r / zklfk
prqh| dw wkh hqg ri vwdwh v wr uhsd| wkh ordq rq ur lv dw prvw +4 . u7f ,p
lv erxqghg1 Wklv pxvw qrw eh ohvv wkdq +4 . ur ,T0r6r / erxqglqj T0r6r ;v 5 V1 Wkxv
wkh wrwdo prqh| lq wkh v|vwhp lv erxqghg1

Surri ri Wkhruhp 71 E| Wkhruhp 5/ MM pr @ 3 iru doo v 5 V W , ur @ 3 iru doo
v 5 V W dqg u7f @ 31 Wkh uhvw wkhq iroorzv lpphgldwho| iurp wkh ghqlwlrqv ri PH dqg
JHL1 Lw lv hylghqw wkdw zlwk }hur lqwhuhvw udwhv/ dq PH lv d JHL/ lq erwk wkh vkruw
ordq dqg fdqrqlfdo prghov1 Zh qhhg rqo| fkhfn wkdw jlyhq d JHL/ wkh edqn vwrfnv
P7f > Pf > = = = > P7 duh kljk hqrxjk wr vxssruw wkh ohyhov ri wudgh dw wkh JHL/ vr wkdw
lw lv rewdlqhg dv dq PH1 Wr wklv hqg/ vfdoh grzq doo frpprglw| sulfhv e| wkh vdph
idfwru +vd| 4@N, lq vwdwhv v 5 V W 1 Li dq dvvhw m lv uhdo/ vfdoh lwv sulfh grzq e| 4@N dv
zhoo1 Li lw lv qrplqdo/ ohdyh lwv sulfh {hg1 Zlwk krduglqj ri edqn prqh| lq sohqw|/ zh
zloo kdyh dq PH zklfk frlqflghv zlwk wkh JHL lq uhdo whupv +surgxfwlrq dqg wudgh
ri frpprglwlhv,/ wkrxjk qrw qhfhvvdulo| lq sulfhv ru wudghv ri qdqfldo dvvhwv1

Surri ri Fruroodu| wr Wkhruhp 71 Dv orqj dv dvvhw wudghv duh xqlirupo| erxqghg
ryhu wkh htxloleuld/ zh fdq wdnh frqyhujhqw vxevhtxhqfhv vxfk wkdw +4, doo wkh qhw
wudghv ri wkh djhqwv frqyhujh/ dqg +5, +sfU6 ,@nsfU6 n frqyhujhv/ dqg +6, sru6 @nsru6 n
frqyhujhv iru doo v 5 V1 Vlqfh e| Wkhruhp 5+ly, lqwhuhvw udwhv frqyhujh wr 3/ wkhvh
olplwlqj qhw wudghv dqg sulfh udwlrv zrxog frqvwlwxwh d JHL1 Qrwh dovr wkdw e| Wkhruhp
4/ PH gr lqghhg h{lvw iru odujh hqrxjk Pr / vlqfh wkh jdlqv wr wudgh k|srwkhvlv lv
dxwrpdwlfdoo| vdwlvhg1
Zh qrz vkrz wkdw dvvhw wudghv pxvw vwd| erxqghg1 Revhuyh uvw wkdw sru6 pxvw
eh erxqghg dzd| iurp }hur/ dv lq wkh surri ri Wkhruhp 4/ rwkhuzlvh dq| djhqw zlwk
pf A 3 zrxog eh deoh wr ex| wkh zkroh hfrqrp| lq vwdwh v +l1h1/ pruh wkdq TW ri
hdfk frpprglw|, frqwudglfwlqj wkh h{lvwhqfh ri PH iru odujh Pr 1 Ixuwkhupruh/ vlqfh
hdfk dvvhw gholyhuv lq ixoo/ lq hdfk vwdwh v wkh kroghu ri d xqlw ri dvvhw m zloo eh deoh
wr frqvxph dw ohdvw Dr @+4 . ur , xqlwv pruh ri frpprglw| vc +e| eruurzlqj rq Pr
wr sxufkdvh vc/ dqg uhsd|lqj wkh ordq zlwk wkh dvvhw gholyhulhv,1 Vlqfh ur $ 3 dqg
wkh qxphudluh dvvhw sd|rv duh olqhduo| lqghshqghqw/ li vrph djhqw k jrhv duelwudulo|
orqj ru vkruw lq dvvhwv dv +Pr ,rM7 W $ 4/ wkhuh zloo eh vrph vwdwh v iru zklfk wkh
qhw uhfhlswv
m  Ma +sfU  tfU ,Dr @+4 . ur ,   Ma +4  tfU ,Dr m $ 4
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Vlqfh/ dv lq wkh surri ri Vwhs : ri Wkhruhp 4/ uhodwlyh sulfhv sr&6 @sr& 6 uhpdlq
erxqghg iru n dqg n lq O/ djhqw k zloo eh deoh wr ex| wkh zkroh hfrqrp| lq vwdwh v/
ru hovh zloo rzh pruh wkdq kh fdq uhsd|/ d frqwudglfwlrq1

Surri ri Wkhruhp 81 Iluvw zh suryh +d,1 Iru dq| {hg P @ +Pf > P > = = = > P7 ,/ dq
PH  ^+t  > { > $  ,MM > s`+P, h{lvwv1 Ohw P $ 4 dqg vxssrvh rq vrph vxevhtxhqfh
wkdw doo lqglylgxdo dvvhw wudghv vwd| erxqghg1 Iurp wkdw vxevhtxhqfh vhohfw d ixuwkhu
vxevhtxhqfh dorqj zklfk doo udwlrv ri frpsrqhqwv ri ++t  +P,> { +P,> $ +P,,MM > s+P,,
dovr frqyhujh/ srvvleo| wr 3 ru 41 Dujxlqj dv lq wkh surri ri wkh Fruroodu| wr Wkh0
ruhp 7/ wkh olplw ri wklv odvw vxevhtxhqfh lv d JHL/ zklfk lv d frqwudglfwlrq1 Khqfh
zh frqfoxgh wkdw dvvhw wudghv $ 41 Lq rughu wkdw duelwudulo| odujh dvvhw sxufkdvhv
eh ihdvleoh/ zh pxvw kdyh wkdw Pf @nsfa6 +P,n $ 41 Exw +dv lq wkh surri ri Wkhr0
uhp 4,/ dvvhw sulfhv sfa6 +P, dqg frpprglw| sulfhv sfu6 +P, duh uhodwlyho| erxqghg1
Khqfh Pf @nsfu6 +P,n $ 41 Wklv suryhv +d,1
Wkh surri ri +e, lv h{dfwo| wkh vdph/ h{fhsw wkdw qrz zh pxvw uhsodfh Pf @nsfu6 n $
4 zlwk +Pf .P7f ,@nsfu6 n $ 41 Krzhyhu/ vlqfh Pf dqg P7f duh uhodwlyho| erxqghg/

zh frqfoxgh wkdw P7f @nsfu6 n $ 41
Surri iru Vhfwlrq 49 Vlqfh  r +{, A 3 iru doo { 5 [r / dqg doo v 5 V/ lw iroorzv iurp
Wkhruhp 4 wkdw PH h{lvw iru odujh hqrxjk P1 Ghqrwh sulfhv dqg lqwhuhvw udwhv lq
PH ri wkh Pwk hfrqrp| e| sru6 +P,/ u? +P,1 Wkhq mmsfu6 +P,mm@ plqrM7 mmsru6 +P,mm
vwd|v erxqghg dv P $ 4 +dujxlqj dv lq Vwhs : ri wkh surri ri Wkhruhp 4,1 Qrz
vxssrvh mmsfu6 +P,mm $ 4 dv P $ 41 Wkhq wkh hqwuhsuhqhxu/ zkr lv rshudwlqj
dw qhduo| }hur0lqsxw ohyhov/ zloo kdyh wkh survshfw ri yhu| oxfudwlyh surwv lq hyhu|
v 5 V/ vlqfh wkh ixwxuh vdoh sulfh ri klv rxwsxw qhyhu fudvkhv1 Wkhuhiruh kh zloo eh
dq{lrxv wr eruurz pxfk pruh wkdq P7f rq wkh orqj ordq +dw lwv erxqghg lqwhuhvw
 f @P7f ,/ dqg wkdw ordq pdunhw zloo qrw fohdu/ d frqwudglfwlrq1 Khqfh
udwh u7f +P,  p
mmsfu6 +P ,mm vwd|v erxqghg dv P $ 41
Qrz/ e| +ly, ri Wkhruhp 5/ doo ur +P, duh wkh vdph/ vd| ur +P,  u+P, ;v 5 V1
Vxssrvh u+P , A 3 +rq vrph vxevhtxhqfh, dv P $ 41 Vlqfh wkhuh fdq eh qr krduglqj
dw srvlwlyh lqwhuhvw udwhv/ doo ri Pr  P lv vshqw rq frpprglw| sxufkdvhv ru dvvhw
gholyhulhv lq hyhu| v 5 V1 Krzhyhu/ dvvhwv ehlqj qxphudluh/ doo dvvhw vdohv duh erxqghg
+vhh wkh surri ri wkh Fruroodu| wr Wkhruhp 7,> vr wkh wrwdo gholyhu| rq dvvhwv lq vwdwh v
lv d erxqghg pxowlsoh ri mmsru6 +P,mm1 Zh frqfoxgh wkdw mmsru6 +P,mm $ 4 ;v 5 V dv
P $ 41 Exw vlqfh mmsfu6 +P,mm@ plqrM7 mmsru6 +P,mm lv dovr erxqghg dzd| iurp }hur
+rwkhuzlvh dq djhqw fdq frqvxph pruh wkdq TW lq vwdwh 3 yld wkh orqj ordq/ uhsd|lqj
lw e| wkh vdoh ri klv hqgrzphqw lq hyhu| v 5 V,/ lw iroorzv wkdw mmsfu6 +P,mm $ 4 dv
P $ 4/ d frqwudglfwlrq1 Wklv suryhv wkdw u+P, @ 3 iru odujh hqrxjk P1
Ilqdoo| li uf +P , vwd|v srvlwlyh/ doo Pf  P lv vshqw rq frpprglw| ru dvvhw
sxufkdvhv lq shulrg 31 Vlqfh dvvhw vdohv duh erxqghg dqg vlqfh +dv lq Vwhs 45 ri wkh
surri ri Wkhruhp 4, vr lv mmsfa6 +P,mm@mmsfu6 +P,mm/ zh ghgxfh wkdw mmsfu6 +P,mm $ 4/
djdlq d frqwudglfwlrq1

Wkxv ur +P, @ 3 ;v 5 V W iru odujh hqrxjk P 1
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Uhihuhqfhv

Dplu/ U1/ V1 Vdkl/ P1 Vkxeln/ dqg V1 \dr/ 4<<31 D Vwudwhjlf Pdunhw Jdph zlwk
Frpsohwh Pdunhwv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 84+4,1
Edodvnr/ \1 dqg G1 Fdvv/ 4<;<1 Wkh Vwuxfwxuh ri Ilqdqfldo Htxloleulxp= L1 H{rjh0
qrxv \lhogv dqg Xquhvwulfwhg Sduwlflsdwlrq/ Hfrqrphwulfd/ 8:/ 4684951
Edodvnr/ \1 dqg N1 Vkhoo/ 4<;6/ Oxps0Vxp Wd{dwlrq= Wkh Vwdwlf Fdvh/ FDUHVV
glvfxvvlrq sdshu1
Edxpro/ Z1M1/ 4<851 Wkh Wudqvdfwlrqv Ghpdqg iru Fdvk= Dq Lqyhqwru| Wkhruhwlf
Dssurdfk/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 99/ 8788891
Ehzoh|/ W1/ 4<;31 Wkh Rswlpxp Txdqwlw| ri Prqh|/ lq= M1 Nduhnhq dqg Q1
Zdoodfh +hgv1,/ Prghov ri Prqhwdu| Hfrqrplfv1 Plqqhdsrolv= Ihghudo Uhvhuyh
Edqn ri Plqqhdsrolv1
Ehzoh|/ W1/ 4<;71 Ilvfdo dqg Prqhwdu| Srolf| lq d Jhqhudo Htxloleulxp Prgho/
Zrunlqj Sdshu 9<3/ Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv dw \doh
Xqlyhuvlw|1
Gheuhx/ J1/ 4<841 Wkh Frh!flhqw ri Uhvrxufh Xwlol}dwlrq/ Hfrqrphwulfd/ 4</
5:65<41
Guì}h/ M1 dqg K1 Srohpdufkdnlv/ 4<<<1 Prqh| dqg Prqhwdu| Srolf| lq Jhqhudo
Htxloleulxp/ lq O10D1 Jìudug0Yduhw/ D1S1 Nlupdq dqg P1 Uxjjlhur +hgv1,1
Hfrqrplfv/ wkh Qh{w Whq \hduv1 R{irug= R{irug Xqlyhuvlw| Suhvv1
Guì}h/ M1 dqg K1 Srohpdufkdnlv/ 53331 Lqwhuwhpsrudo Jhqhudo Htxloleulxp dqg
Prqhwdu| Wkhru|/ lq D1 Ohlmrqkxiyxg +hg1,/ Prqhwdu| Wkhru| dv d Edvlv iru
Prqhwdu| Srolf|1 Pdfploodq1
Guì}h/ M1 dqg K1 Srohpdufkdnlv/ 53341 Prqhwdu| Htxloleuld/ lq Jìudug Gheuhx/
Z1 Qhxhihlqg dqg Z1 Wurfnho +hgv1,/ Hfrqrplfv Hvvd|v  D Ihvwvfkuliw iru
Zhuqhu Kloghqeudqg1 Vsulqjhu1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 4<<51 Wkh Ydoxh ri Prqh| lq d Ilqlwh Krul}rq
Hfrqrp|= D Uroh iru Edqnv/ lq S1 Gdvjxswd/ G1 Jdoh/ R1 Kduw/ H1 Pdvnlq
+hgv1,/ Hfrqrplf Dqdo|vlv ri Pdunhwv dqg Jdphv1 Fdpeulgjh/ PD= PLW Suhvv1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 4<<71 Uhdo Ghwhuplqdf| zlwk Ilqdqfldo Dvvhwv/
plphr/ \doh Xqlyhuvlw|1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 4<<81 Ilupv/ Lqfrpsohwh Pdunhwv dqg Prqh|/
plphr/ \doh Xqlyhuvlw|1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 4<<91 Prqhwdu| Htxloleulxp zlwk Pdunhwv/ plphr/
Frzohv Irxqgdwlrq Suholplqdu| Sdshu1
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Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 53331 D Jhqhudo Htxloleulxp Prgho ri Ilqdqfldo
Pdunhwv zlwk Lqqlwh Krul}rq/ plphr/ \doh Xqlyhuvlw|1
Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 53341 Lqvlgh dqg Rxwvlgh Prqh|/ Jdlqv wr Wudgh/
dqg LV0OP/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu 458:U +iruwkfrplqj lq Hfr0
qrplf Wkhru|,1
Gxeh|/ S1/ M1 Jhdqdnrsorv dqg P1 Vkxeln/ 4<<<1 Ghidxow lq d Jhqhudo Htxloleulxp
Prgho zlwk Lqfrpsohwh Pdunhwv/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu 457:1
Jhdqdnrsorv/ M1 dqg D1 Pdv0Frohoo/ 4<;<1 Uhdo Lqghwhuplqdf| zlwk Ilqdqfldo Dv0
vhwv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 7:/ 556;1
Judqgprqw/ M1P1/ 4<;61 Prqh| dqg Ydoxh1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|
Suhvv1
Judqgprqw/ M1 P1 dqg J1 Odurtxh/ 4<:61 Rq Prqh| dqg Edqnlqj/ Uhylhz ri
Hfrqrplf Vwxglhv/ 53:5691
Judqgprqw/ M1P1 dqg \1 \rxqhv/ 4<:51 Rq wkh Uroh ri Prqh| dqg wkh H{lvwhqfh
ri d Prqhwdu| Htxloleulxp/ Uhylhz ri Hfrqrplf Vwxglhv/ 6</ 6886:51
Judqgprqw/ M1 P1 dqg \1 \rxqhv/ 4<:61 Rq wkh H!flhqf| ri d Prqhwdu| Htxlole0
ulxp/ Uhylhz ri Hfrqrplf Vwxglhv/ 47<4981
Kdkq/ I1K1/ 4<981 Rq Vrph Sureohpv ri Surylqj wkh H{lvwhqfh ri dq Htxloleulxp lq
d Prqhwdu| Hfrqrp|/ lq I1P1 Kdkq dqg I1S1U1 Euhfkolqj +hgv1,/ Wkh Wkhru|
ri Lqwhuhvw Udwhv1 Orqgrq= Pdfploodq1
Kduw/ R1G1/ 4<:81 Rq wkh H{lvwhqfh ri Htxloleulxp lq d Vhfxulwlhv Prgho/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 44/ 74;7761
Kd|dvkl/ W1/ 4<:71 Wkh Qrq0Sduhwr H!flhqf| ri Lqlwldo Doorfdwlrq ri Frpprglwlhv
dqg Prqhwdu| Htxloleulxp= Dq Lqvlgh Prqh| Hfrqrp|/ Mrxuqdo ri Hfrqrplf
Wkhru|/ :/ 4:64;:1
Krro/ U1E1/ 4<:91 Prqh|/ H{shfwdwlrqv dqg wkh H{lvwhqfh ri d Whpsrudu| Htxl0
oleulxp/ Uhylhz ri Hfrqrplf Vwxglhv/ 76/ 76<7781
Ohuqhu/ D1/ 4<7:1 Prqh| dv d Fuhdwxuh ri wkh Vwdwh/ Dphulfdq Hfrqrplf Uhylhz
Vshfldo Surfhhglqjv/ Pd|/ 64564:1
Ohylqh/ G1N1/ 4<;<1 H!flhqf| dqg wkh Ydoxh ri Prqh|/ Uhylhz ri Hfrqrplf
Vwxglhv/ 89/ ::;;1
Oxfdv/ U1H1/ 4<;31 Htxloleulxp lq d Sxuh Fxuuhqf| Hfrqrp|/ Hfrqrplf Lqtxlu|/
4;+5,/ 5365531
Pdjloo/ P1 dqg P1 Txlq}ll/ 4<<51  Uhdo Hhfwv ri Prqh| lq Jhqhudo Htxloleulxp/
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 54/ 6346751
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Rvwur|/ M1 dqg U1 Vwduu/ 4<:71 Prqh| dqg wkh Ghfhqwudol}dwlrq ri H{fkdqjh/
Hfrqrphwulfd/ 75/ 43<644461
Udgqhu/ U1/ 4<:51 H{lvwhqfh ri Sodqv/ Sulfhv dqg Sulfh H{shfwdwlrqv lq d Vhtxhqfh
ri Pdunhwv/ Hfrqrphwulfd/ 73/ 5;<6371
Vkdsoh|/ O1 dqg P1 Vkxeln/ 4<::1 Wudgh Xvlqj Rqh Frpprglw| dv d Phdqv ri
Sd|phqw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8/ <6:9;1
Vkxeln/ P1 dqg F1 Zlovrq/ 4<::1 Wkh Rswlpdo Edqnuxswf| Uxoh lq d Wudglqj
Hfrqrp| Xvlqj Ildw Prqh|/ ]hlwvfkuliw i u Qdwlrqdoùnrqrplh/ 6:1
Wrelq/ M1/ 4<891 Wkh Lqwhuhvw0Hodvwlflw| ri Wudqvdfwlrqv Ghpdqg iru Fdvk/ Uhylhz
ri Hfrqrplf Vwdwlvwlfv/ 6;/ 57457:1
Wrelq/ M1/ 4<941 Prqh|/ Fdslwdo dqg Rwkhu Vwruhv ri Ydoxh/ Dphulfdq Hfrqrplf
Uhylhz +Sdshuv dqg Surfhhglqjv, 84/ 596:1
Zrrgirug/ P1/ 4<<31 Wkh Rswlpxp Txdqwlw| ri Prqh|/ lq= E1P1 Iulhgpdq dqg
I1K1 Kdkq +hgv1,/ Kdqgerrn ri Prqhwdu| Hfrqrplfv/ Yro1 51 Dpvwhugdp=
QruwkKroodqg1
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